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High dimensional regression

Linear regression model

Y = Ax + ε Y = (Y1, . . . ,Yn)T ∈ Rn

ε ∈ Rn εi
iid∼< 0, σ2 >

Assume x ∈ Rn, A ∈ Rn×n invertible (for simplicity)

LSE (MLE for ε = (ε1, . . . , εn)T , εi
iid∼ N

(
0, σ2

)
)

x̂ = argminx∈Rn ||Y − Ax ||2 (often write || · || for || · ||n )

gives here: x̂ =
(
ATA

)−1
ATY = A−1

(
AT
)−1

ATY = A−1Y

σ2 = 0 (error free model) ⇒ compute x = A−1Y
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Solve Ax = b

n=4:

Let A = AT =


10 7 8 7
7 5 6 5
8 6 10 9
7 5 9 10

 b =


32
23
33
31



solution x? =


1
1
1
1





Numerical analysis

Consider a small deterministic pertubation (measurement error)

ε ∼ 0.1

Y =


32

22.9
33
31

 ⇒ x̂ =


5.1
−5.8
2.7

−5 · 10−14

 (1)

ε ∼ 0.01

still x̂ =


1.41
0.32
1.17
0.9

 (2)

The error in x̂ is of the order 10 · ε.
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Statistical Analysis

MSExi [x̂i ] = E |x̂i − xi |2 i = 1, . . . , 4

We know

Ex̂ = A−1EY = A−1Ax = x (unbiased)

hence
MSE [x̂i ] = Var [x̂i ] ,

Cov [x̂ ] = Cov
[
A−1Y

]
= σ2A−1I

(
A−1

)T
= σ2

(
ATA

)−1



The Wilson Example
Var [x̂2]

↓

Cov [x̂ ] = σ2
(
ATA

)−1
= σ2


2442 . . .

. . . 6694 . . .
. . . 423 . . .

. . . 149


σ = 0.1
error of second component ≈ 0.1 ·

√
6694 ≈ 8.2 (cf. (1))

σ = 0.01
error of second component ≈ 0.82

Roughly: 10× σ

Hence, in a sense, the Cov [x̂ ] measures the ”loss in precision” when
inverting a matrix.
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How is this done by numerical analysts?

Pertubation theory: (K. Lange, p.75)

Ax = b A (x + ∆x) = b + ∆b

let ||A|| the matrix norm (operator norm, spectral norm)

||A|| = sup
x 6=0

||Ax ||
||x ||

= sup||x ||=1||Ax ||

A invertible⇒ ||b|| ≤ ||A|| · ||x || (a)

||∆x || ≤ ||A−1|| · ||∆b|| (b)
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hence
(a)

(b)
⇔ ||∆x ||
||A|| · ||x ||

≤ ||A−1|| · ||∆b||
||b||

hence
||∆x ||
||x ||

≤ ||A|| · ||A−1||︸ ︷︷ ︸
cond(A)

||∆b||
||b||

(3)

In fact, (3) is sharp:

let x s.t. ||Ax || = ||A|| · ||x ||

∆b s.t. ||A−1∆b|| = ||A−1|| · ||∆b||
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Theorem

cond(A) =
λmax

λmin

when λmin ≤ . . . ≤ λmax are the n (real) eigenvalues
of a symmetric matrix A.

Here:
λmax

λmin
≈ 3000.

In (3) for
||x || = 2, ||∆b|| = 0.1, ||b|| ≈ 60

⇒ ||∆x || ≈ 2× 3000 · 0.1
60

= 10

(cf. (1)) magnitude of error.



Claim

λ1, . . . , λn are the eigenvalues of ATA.

||A||2 = λmax = max{λ1, . . . , λn}

Proof:
Let u1, . . . , un the ON-basis of eigenvectors for ATA
with eigenvalues 0 ≤ λ1 ≤ . . . ≤ λn (ATA > 0).
For any unit vector x =

∑n
i=1 ciui we have

∑
c2
i = 1 and

||A||2 = sup
||x ||=1

< Ax ,Ax >= sup
||x ||=1

xT ATAx︸ ︷︷ ︸∑
ciAT Aui=

∑
ciλiui

= sup
||
∑

ciui ||=1

∑
λic

2
i ≤ λmax = λn

Equality: cn = 1, c1 = 0, . . . , cn−1 = 0. �



This is a measure for collinearity in regression
(redundant information).

If Y = Xβ + ε, β ∈ Rm, Y ∈ Rn

X = [X1, . . . ,Xm]

Collinearity means: ∑
λjXj ≈ 0

then A = XTX is close to be non-invertible.



Strategies to cope

1) Drop variables

2) Mean center the variables (or use other transformation, PCA!)

3) Orthogonalize X (this stabilises the variance)



Polynomial regression

1, x , x2, . . . on [0, 1]

→ shifted Legendre polynomials as ”explanatory variables”

1,
√

12

(
x − 1

2

)
,
√

5

(
6

(
x − 1

2

)2

− 1

2

)
, . . . [Abramowitz, Stegun, ’72]

good from a numerical and statistical perspective

However, interpretation of ”new” Fourier coefficients may be
difficult.



4) Regularise the problem: cond(A) = λmax
λmin

e.g. by using an estimator, s.t. λmin does not become too small.
(Ridge-regression)

What we have learned: Numerical stability (small condition
number) roughly corresponds to statistical stability (small
MSE)
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