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This talk is (almost) not about:

= Algorithms/computation/optimisation

= Sparsity/Compression
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Outline:

1. Introduction/Examples

2. SIP: Some Theory, Kernel Density
estimation

3. Linear Spectral Regularisation methods

4. Statistical Inverse Problems and Statistical
Multiscale Analysis
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. Introduction

Inverse problems:

Two problems are inverses of each other,

If the formulation of each involves all or

part of the solution of the other. Historically,
one direction of the problem is well-studied
since long time ago (usually called the "direct"
problem), the other only recently studied

and less well understood (“inverse problem™)

(J.B. Keller 76, Am. Math. Monthly)

In other words: Here is the answer...
... but what was the question?

Or: Climbing a rock often is easier than getting down

Google: — 3Mio hits
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. Introduction

Statistical Inverse Problems (SIPs)

Google: —1.5Mio hits (still...)

Areas of application (a selection):

= Physics: astronomy, material science, ...
= Medical physics: NMR, MRT, tomography,
biophiyscs, molecular microscopy
* Engeneering: chemical engineering, control theory
= Medical statistics: clinical trials, survival analysis
= Computer science: learning theory,
network tomography
* Financial mathematics: numerical option pricing,
e financial statistics

=4 Regularisation
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What is a SIP?

1. Johnstone/Silverman’9l
,Data in one domain but interest lies in another domain
where measurements cannot be taken*

2. Evans/Stark’02
X ~ Py, g € ® abstract parameter space
Learn from X about 4, i.e.
Invert the ,,forward“ operator (1-1)
K:0— Pg
But this is essentially all what Statistics is about...
Important: In a SIP the inversion
K1.:P—6
IS ,,instable*.
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What is a SIP?

3. Hadamard (1923) (he thought on boundary value
problems PDE'S)

A problem is well posed if
1. There exists a solution (existence)
2. There is at most one solution (unigueness)

3. The solution depends continuously on the data
(stability)

Most SIPs are ill posed (3.)

I.e. small pertubations of the data may affect the solution
drastically

Statistics: pertubations are modelled randomly
Numerical Analysis: (traditionally)
Pertubations are modelled deterministically
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What is a SIP?

~ 4. My own definition (very prelim., strange, not good at all)
Let (X1, -+, X,) ~ Py, 0 € O.

A SIP is a statistical decision problem (estimation, prediction,...)
which does not allow n!/2-consistent decisions
(e.g. in terms of mininax or Bayes-risk), i.e.

lim inf,, e n'/2R,(9) = 00
| fully agree of you don‘t like it...

One aim of this lecture series is to convince you that
It has some appeal and comes close to Hadamard‘s
notion of instability.
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What is a SIP?

All definitions contain some important ingredient of a SIP

1. ,,Indirect observations*

2. ,Inversion problem“ K—1: P, — 6

3. ,Instability*

4. ,Instability*“:states 3. in a quantitative way

In any case: It‘s a helpful point of view (microstructure)

Remarks: - the wheel has been reinvented several times
(EM/R.L.-algorithm, ridge-regression/Tikhnov ...)
- caution: different fields require different treatments
and use different terminology

Examples:
- estimate (stat.) = model (atsrophysics)
-E[]1 =<>
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Example 1: (high dimensional regression)

Blackboard-Tutorial
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Example 2: Num diff./densitiy estimation
b Y 5§=0.3, n=100

(Num. differentiation / integration) ‘

Direct problem: Integration

P = (KN = [ fecopn ol

Deterministic error - model WHHMH"””””HH

nt

frns(t) = f(t) + dsin <7) , 0 noise level

This implies

an,5 _fHOO =9

52
||Fn,5 _FHOO —

2 rnzx/s
5—/ sin(t)dtH = O0(—)
0

n n

Hence: Any numerical integration rule
which approximates Riemann integration -

Statistical
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. Introduction/Examples

Example 2: Num diff./densitiy estimation

Inverse Problem: Differentiation (same error model) .

F.s(x) = F(x)+dsin (n;)
||Fn,5_F||oo = 0
but
F, s(x) = F'(z)+ncos (%ZU)
hence

|Fy = Fllo = n, 60

Hence: Even if you could differentiate
numerically as good as ,formal’

the error is huge

Statistical
=4 Regularisation
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Some theory: (Tikhonov, Arsenin’77, Engl, Hanke, Neubauer’96,...)

Deterministic error model

Y(z) = Fs(x) = (Kf)(z) + oe(z), |le]] <1
(Kf)(z) = foxf

Deterministic minimax error:

err(d) :=inf sup sup ||f — fH
fofewk|lel|L1

— If f € Wy, then the best possible rate of reconstruction
of f'is O(6F/*+1) § — 0.

— The rate O(6) is only achieved for well posed problems.

— |l posed problems can be characterized by best possible rates
which are slower than O(9).
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(Estimation of a density/distribution funct.)

Fla) = (Kf)(@) = [ fot
Data model

Xi(f), -, Xu(f) ~ F, 1.1.d.
Direct problem: Estimate F', e.g. by F,,, empirical c.d.f.
F =F+(F-F,

Error model

HFn_FHoo:Op( )7 1/\/5’\’5

Bl
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I. Introduction/Examples

Inverse problem: Estimate F' = f.
err(n) :=inf ssuprcpr E|f — fll2
Minimax rates for f € Wk are O(n=*/(2k+1)

Gaussian white noise model:
Y =Kf+oec

e is a WN process, s.t. W’ = € for a Wiener process
(Nussbaum /Pereverzev'99, - - -)

In a Gaussian W.N. model: O(&%/(1+k+1/2)))
Recall: determinstic O(6%/(1+k)) (1/2-diff. WP)

Statistical
>4 Regularisation
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I. Introduction/Examples

Num. Analysis: If the rate 0 is achieved
the problem is called well posed.

Statistics: If the rate O(n~1/2) is achieved
the problem might be called parametric

Nonparametrics C SIPs
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1. Introduction/Examples
Example 3. Boosting (Buhlmann, Yu’04, JASA, Yao et al.’07, Constr. Approx.)

Regression model: Y = Kf + €.

|K . Wzk — L? embedding operatorl

How to improve (boost) an initial estimate f (weak learner)?
|ldea: Use the remaining information in the residuals

r=Y —Kf
and update f into this direction
foew = fHaK*r
= f—aK*(Kf-Y)
= (I—aK*'K)f 4+ aK*Y
lterate: fr, = (I — aK*K) fr_1 + aK*Y

Statistical
>4 Regularisation
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I. Introduction/Examples

Example 3. Boosting

Striking feature: The prediction error can be
signifcantly improved by boosting the weak learner.

1

However, simulations show ozl ..m--"'"""
that proper stopping is required. e
When to stop properly? 0.6}

L'-risk
L]

Risk for different weak learners:

0 20 40 60 80 100
Number of iterations

We will analyze this with SIP techniques and we will see

that it corrsponds to Landweber iteration (1951, Am J. Math.)
)&Si("fe also Bilay’59, Arch. Rat. Mech. Anal., Friedman’56 Usp. Mat. Nauk.)

tistical
>4 Regularisation
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. Introduction/Examples

4. Positron Emission Tomography (PET)

Coincidence
Processing Unit

Sinogram/
Listmode Data

Annihilation Image Reconstruction

Louvain la Neuve January 2010



. Introduction/Examples

4. Positron Emission Tomography (PET)

Physics of PET (in a nutshell)

_, - Emission of a positron anihilates with
nearby electron: two x-ray photons fly

T
......

--------

sy 1N OPpPOSite direction

""" This will be counted in opposite detectors
- Directions are approx. uniform and gives
an intensity distribution A*

p(b,d) = P(detected in d| emitted in b)

N* ( l*val*))
N* ~ Poiss(|P]]),
E|N*] = X\'= P

January 2010



I. Introduction/Examples

4. Positron Emission Tomography (PET)

N* = (N{,---,Np) The EM algorithm
N* ~ Poiss(|P}]), (Dempster et al.’77, JRSSB
E[N*] = X' =P\ Vardi et al.’85, JASA)

Let N(b,d) = # emissions from box b detected in d

(incomplete data)
Observe Nj = N(---,d) total emissions in d (complete data)

E-step: Estimate emissions in b
N(b) = Eln(b, )| Aotas N°]

M-step: (MLE for \) Apew = N(b)

. Iterate
)&\'ﬁtlilcal

>4 Regularisation
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I. Introduction/Examples

4. Positron Emission Tomography (PET)

Assume N (b, d) independent Poisson

Aotd (b, d)}
Motd(d)

IN(b,d)|N]] ~ Bin {Nc}k,

EM-algorithm:

) *(d)p(b, d)
)\new(b )\Old ZZb’ old( ) (b,’d)

N*
et = A | P!
e =x P ]

4 Regularisation
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I. Introduction/Examples

4. Positron Emission Tomography (PET)

The EM algorithm: self regularisation
and stopping

True object

Raw data

St
4 Regularisation
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I. Introduction/Examples

4. Positron Emission Tomography (PET)

The EM algorithm: When to stop?

20 40 60 80 100 120 20 40 60 80 100 120

IT.t.r.: 4Pi:(trans Golgi protein), obsered data, #iteration=3,9,59,599,999
Statistical
jWQularisation PI’iCOp, M.‘09
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. Introduction/Examples

5. Nanoscopy: Molecuar Microscopy

objective
lens

Confocal microscopy

AX > ;L N* ( 1.7"°7ND)
2nsin( ) N* ~ Poiss(|P))),
E[N*] = A" =P)

Abbe‘s limit

Statistical
=4 Regularisation
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I. Introduction/Examples

Nanoscopy: Breaking the Abbe limit

Confocal
4 Pi1 microscopy:

Cy3 labelled cis-Golgi protein #
GM130 in Vero cell

4P| raw

M e tactor PSF 4 Pi

Statistical vg. Pl
>4 Regularisation
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6. Density Deconvolution

Estimation of metal poor G dwarfs in the solar neighborhood
Obs: —1900 stellar metallicities from the Genova-Copenhagen survey
(Nordstrom et al.‘04).

Kernel density deconvolution with
X = [Fe/H] + W  90% confidence band (Bickel/Rosenblatt'73)

3 3

A1 1 2481

2- -\- L 2-

[=]
in

LLAS
[=]
in

0.5

[FeH '  Fem)

W normal, (std. 0.1) W Laplace

Bissantz et al.’07, JRSSB
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