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Abstract
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1 Introduction

Two common approaches to nonparametric density estimat®amoothing methods and qual-
itative constraints. The former approach includes, amahgre, kernel density estimators, esti-
mators based on discrete wavelets or other series expanaimhestimators based on roughness
penalization. Good starting points for the vast literafartnis field are Silverman (1982, 1986)
and Donoho et al. (1996). A common feature of all these metl®that they involve certain
tuning parameters, e.g. the order of a kernel and the batidwAdoroper choice of these param-
eters is far from trivial, since optimal values depend onnavin properties of the underlying
density f. The second approach avoids such problems by imposingapivadi properties orf,
e.g. monotonicity or convexity on certain intervals in thvariate case. Such assumptions are
often plausible or even justified rigorously in specific apgions.

Density estimation under shape constraints was first ceraidoy Grenander (1956), who
found that the nonparametric maximum likelihood estim@&?MLE) f,‘;“on of a non-increasing
density functionf on [0, co) is given by the left derivative of the least concave majordrihe
empirical cumulative distribution function oj, oc). This work was continued by Prakasa
Rao (1969) and Groeneboom (1985, 1988), who establishedpastic distribution theory for
n'/3(f — f;}m)(t) at a fixed point > 0 under certain regularity conditions and analyzed the
non-gaussian limit distribution. For various estimatisalgems involving monotone functions,
the typical rate of convergenceasj(n—l/ 3) pointwise. The rate of convergence with respect to
supremum norm is further decelerated by a factdbgfn)'/? (Jonker and van der Vaart 2001).
For applications of monotone density estimation consaglt Barlow et al. (1972) or Robertson
et al. (1988).

Monotone estimation can be extended to cover unimodal tienisRemember that a density
f on the real line is unimodal if there exists a numbér= M ( f) such thatf is non-decreasing
on (—oo, M] and non-increasing o/, co). If the true mode is known a priori, unimodal den-
sity estimation boils down to monotone estimation in a gtitibrward manner, but the situation
is different if M is unknown. In that case, the likelihood is unbounded, molsl being caused
by observations too close to a hypothetical mode. Even iintbele was known, the density
estimator is inconsistent at the mode, a phenomenon calleilifig”. Several methods were
proposed to remedy this problem, see Wegman (1970), Wofedeoal Sun (1993), Meyer and
Woodroofe (2004) or Kulikov and Lopuhaa (2006), but alllzéitn require additional constraints
on f.

The combination of shape constraints and smoothing wasss$dy Eggermont and La-



Riccia (2000). To improve the slow rate of convergence of/3 in the spacé.; (R) for arbitrary
unimodal densities, they derived a Grenander type estimbgttaking the derivative of the least
concave majorant of an integrated kernel density estinmatber than the empirical distribution
function directly, yielding a rate of convergence@;(n‘z/5).

Estimation of a convex decreasing density [6noo) was pioneered by Anevski (1994,
2003). The problem arose in a study of migrating birds disedsy Hampel (1987). Groene-
boom et al. (2001) provide a characterization of the estimed well as consistency and limiting
behavior at a fixed point of positive curvature of the functio be estimated. They found that
the estimator has to be piecewise linear with knots betwieemlbservation points. Under the
additional assumption that the true dengitis twice continuously differentiable dfl, o), they
show that the MLE converges at ra(ﬂ?)(n—%) pointwise, fairly better than in the monotone
case. Monotonicity and convexity constraints on densiief), co) have been embedded into
the general framework df—monotone densities by Balabdaoui and Wellner (2008). &ee S
tion 5 for a more thorough discussion of the similarities difterences betweeh—monotone
density estimation and the present work.

In the present paper we impose an alternative and quite atatbape constraint on the

density f, namely, log-concavity. That means,

f(z) = expo(z)

for some concave functiop : R — [—o0,00). This class is rather flexible in that it general-
izes many common parametric densities. These include atlegenerate normal densities, all
Gamma densities with shape parametet, all Weibull densities with exponernt 1, and all
beta densities with parameters 1. Further examples are the logistic and Gumbel densities.
Log-concave densities are of interest in econometricsBsgmoli and Bergstrom (2005) for a
summary and further examples. Barlow and Proschan (19&8)yile advantageous properties
of log-concave densities in reliability theory, while Clgaand Walther (2008) use log-concave
densities as ingredient of nonparametric mixture modelsiohparametric Bayesian analysis,
log-concavity is of certain relevance, too (Brooks 1998).

Note that log-concavity of a density implies that it is alsomodal. It will turn out that by
imposing log-concavity one circumvents the spiking prablmentioned before, which yields
a new approach to estimate a unimodal, possibly skewedtgemdoreover, the log-concave
density estimator is fully automatic in the sense that there need to select any bandwidth,
kernel function or other tuning parameters. Finally, siatinly data from the estimated density

is rather easy. All these properties make the new estimaijpeading for its use in statistical
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applications.

Little large sample theory is available for log-concaveineators so far. Sengupta and
Paul (2005) considered testing for log-concavity of disttion functions on a compact interval.
Walther (2002) introduced an extension of log-concavityhm context of certain mixture mod-
els, but his theory doesn’t cover asymptotic propertiehiefdensity estimators themselves. Pal
et al. (2006) proved the log-concave NPMLE to be consistaritwithout rates of convergence.

Concerning the computation of the log-concave NPMLE, Valtf2002) and Pal et al.
(2006) used a crude version of the iterative convex minoadgurithm. A detailed descrip-
tion and comparison of several algorithms can be found inkRRaf (2007), while Dumbgen et
al. (2007a) describe an active set algorithm, which is sind the vertex reduction algorithms
presented by Groeneboom et al. (2008) and seems to be theffiment one by now. All these
algorithms are implemented within the R packddeogcondens”, accessible vid CRAN" .
Corresponding Matlab code is available from the first atshtomepage.

In Section 2 we introduce the log-concave maximum likelthaensity estimator, discuss
its basic properties and derive two characterizations. dcti8n 3 we illustrate this estimator
with a real data example and explain briefly how to simulata diamm the estimated density.
Consistency of this density estimator and the correspgnegtimator of the distribution func-
tion are treated in Section 4. It is shown that the supremurmmrm®tween estimated density,
f,, and true density on compact subsets of the interiof fof> 0} converges to zero at rate
Op((log(n)/n)7) with v € [1/3,2/5] depending onf’s smoothness. In particular, our es-
timator adapts to the unkown smoothnessfofConsistency of the density estimator entails
consistency of the distribution function estimator. Intfamder additional regularity conditions
on f, the difference between the empirical c.d.f. and the estitha.d.f. is of ordep, (n~'/?)
on compact subsets of the interior{of > 0}.

As a by-product of our estimator note the following. Log-cawity of the density functiorf
also implies that the corresponding hazard functioa f/(1—F’) is non-decreasing (cf. Barlow
and Proschan 1975). This means that our estimatofsaoi its c.d.f.F' entail a consistent and
non-decreasing estimator bf as pointed out at the end of Section 4.

Some auxiliary results, proofs and technical argumentslefierred to Section A.

2 The estimators and their basic properties
Let X be a random variable with distribution functidghand Lebesgue density
f(z) = expo(x)
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for some concave functiop : R — [—o0,00). Our goal is to estimatg based on a random
sample of sizev > 1 from F. Let X; < X, < -+ < X,, be the corresponding order statistics.
For any log-concave probability densifyon R, the normalized log-likelihood function dtis
given by

/logden = /cdeF'n D)

wherel,, stands for the empirical distribution function of the saepln order to relax the
constraint off being a probability density and to get a criterion functiomtaximize over the
convex set ofall concave functions, we employ the standard trick of adding a Lagrange-term

to (1), leading to the functional

W,(e) = [df,— [expils)da

(see Silverman, 1982, Theorem 3.1). The nonparametric mamri likelihood estimator of

= log f is the maximizer of this functional over all concave funotp

On = argmax ¥, (p),

 concave
andf,, := exp Pn -
Existence, uniqueness and shape @¢f,. One can easily show that, (¢) > —occ if, and only
if, ¢ is real-valued oriX;, X,,]. The following theorem was proved independently by Pal et al

(2006) and Rufibach (2006). It follows also from more geneasiderations in DUmbgen at
al. (2007a, Section 2).

Theorem 2.1. The NPMLE ¢,, exists and is unique. It is linear on all intervals;, X 1],

1 < j < n. Moreoverp, = —oo onR \ [ X1, X,,].

Characterizations and further properties. We provide two characterizations of the estima-
tors ¢y, f,, and the corresponding distribution functidf, i.e. F f fn )dr. The

first characterization is in terms ¢f, and perturbation functions:

Theorem 2.2. Let ¢ be a concave function such that : ¢(z) > —oo} = [X1,X,]. Then

@ = @y if, and only if,

/A ) dF,,( /A z)exp §(x) dz (2)

for anyA : R — R such thatp + AA is concave for somg > 0.



Plugging in suitable perturbation functiods in Theorem 2.2 yields valuable information
about, and F,. For a first illustration, let:(G) and Var(G) be the mean and variance,
respectively, of a distribution (functiory on the real line with finite second moment. Setting
A(x) := +x or A(x) := —2? in Theorem 2.4 yields:

Corollary 2.3.
w(Ey) = u(F,) and Var(E,) < Var(F,).

Our second characterization is in terms of the empiricatitigtion functionkF,, and the esti-
mated distribution functiod,. For a continuous and piecewise linear function[ X1, X, —

R we define the set of its “knots” to be
Sp(h) == {t € (X1,X,) : W (t—) # 1 (t+)} U{X1, X, }.
Recall thatp,, is an example for such a functidnwith S,,(¢,,) C {X1, Xo,..., X, }.

Theorem 2.4. Let ¢ be a concave function which is linear on all intervials, X 1], 1 < j <
n, while g = —co onR \ [X1, X,,]. DefiningF(z) = J* . exp @(r) dr, we assume further
thatF'(X,) = 1. Theng = ¢,, andF = F,, if, and only if, for arbitraryt € [ X1, X,)],
t t
/ F(rydr < / F(r)dr (3)
X1 Xl

with equality in case of € S, ().

A particular consequence of Theorem 2.4 is that the digtdbufunction estimatot, is

very close to the empirical distribution functid®, on S, (¢, ):

Corollary 2.5.
F,—n"' < F, <F, on S,(n)

Figure 1 illustrates Theorem 2.4 and Corollary 2.5. The umpet displaysF,, and F,
for a sample of» = 25 random numbers generated from a Gumbel distribution witisitle
f(z) = e " exp(—e~™) on R. The dotted vertical lines indicate the “kinks” ¢f,, i.e. all
t € S,(on). Note that,, andF,, are indeed very close on the latter set with equality at thiet ri
endpointX,,. The lower plot shows the process

D(t) = /t (F, —F,)(r)dr
X1
fort € [X1, X,]. As predicted by Theorem 2.4, this process is nonpositiceegjuals zero on
Sn(Pn)-
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Figure 1: Distribution functions and the procd3$t) for a Gumbel sample.

3 A data example

In a recent consulting case, a company asked for Monte Caplerienents to predict the relia-
bility of a certain device they produce. The reliability @gys in a certain deterministic way on
five different and independent random input parameterse&ci input parameter a sample was
available, and the goal was to fit a suitable distributionitausate from. Here we just focus on
one of these input parameters.

At first we considered two standard approaches to estimatertknown density’, namely,
(i) fitting a gaussian densit,., with meany(F,,) and varianc&? := n(n — 1)~ Var(F,,), and

(ii) the kernel density estimator
@) 1= [ 04l — ) B0
where ¢, denotes the density of/(0,02). This very small bandwidtl#/\/n was chosen to
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obtain a density with varianc#’.

Looking at the data, approach (i) is clearly inappropriaegduse our sample of size= 787
revealed a skewed and significantly non-gaussian disipitbutThis can be seen in Figure 2,
where the multimodal curve correspondsﬁgr, while the dashed line depictﬁf)ar. Ap-
proach (ii) yielded Monte Carlo results agreeing well witkasured reliabilities, but the engi-
neers questioned the multimodalityﬁjcr. Choosing a kernel estimator with larger bandwidth
would overestimate the variance and put too much weightthtdails. Thus we agreed on a

third approach and estimateidby a slightly smoothed version (ﬁL
fi= [ oy — b

with 42 := 62 — Var(F},), so that the variance of* coincides withs2. Since log-concavity

is preserved under convolution (cf. Prékopa 197jft),is log-concave, too. For the explicit
computation ofVar(Fn), see Dumbgen et al. (2007a). By smoothing we also avoidrttel s
discontinuities offn at X; and X,,. This density estimator is the skewed unimodal curve in
Figure 2. It yielded convincing results in the Monte Carlmglations, too.

Note that both estimatorg, and f;; are fully automatic. Moreover it is very easy to sample
from these densities: L&, (¢,,) consist ofry < 21 < -+ < x,,,, and consider the dat&;
temporarily as fixed. Now
(a) generate a random indexe {1,2,...,m} with IP(J = j) = E,(z;) — Fu(zj_1),

(b) generate
X =x5 1+ (@5—25-1)" log(1 + (B-10)/6 o0
U if © =0,
whereO := ¢, (x ;) — ¢n(zs-1) @andU ~ Unif[0, 1], and
(c) generate
X* = X+4Z withZ ~N(0,1),

where.J, U andZ are independent. Theki ~ f, andX* ~ f*.

4 Uniform consistency

Let us introduce some notation. For any integes 1 we define

pn 1= log(n)/n,
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Figure 2: Three competing density estimators.
and the uniform norm of a function: I — R on an intervall C R is denoted by
lgll% = sup|g(x)].
zel

We say thay belongs to the Holder clagg®” (I) with exponent3 € [1,2] and constant, > 0

if for all z,y € I we have

IA

lg(z) — g(y)| Lz -y if 3=1,

lJ(x) —d'(y)] < Llz—y|® ' ifg>1.

A

Uniform consistency ofp,,.  Our main result is the following theorem:

Theorem 4.1. Assume for the log-density = log f thaty € H%L(T) for some exponent
B € [1,2], some constant > 0 and a subinterval’ = [A, B] of the interior of{ f > 0}. Then,

5, — _ 8/(26+1)
max (¢n — @)(t) = Op <pn )

o)) = 0, (pPesty
hex (9 = on)(t) p<pn )



whereT'(n,3) := [A+ o/ @A) B prll/(26+1)]'

Note that the previous result remains true when we replace- ¢ with fo— f. ltis
well-known that the rates of convergence in Theorem 4.1 ptienal, even if3 was known (cf.
Khas'minskii 1978). Thus our estimators adapt to the unknemoothness of in the range
g ell,2].

Note also that concavity @f implies that it is Lipschitz-continuous, i.e. belongsd " (T)
for someL > 0, on any intervall' = [A, B] with A > inf{f > 0} and B < sup{f > 0}.
Hence one can easily deduce from Theorem 4.1 fhas consistent inL; (R) and that£}, is

uniformly consistent:

Corollary 4.2.

/ |fu(@) — (@) dz —p 0 and B, — F|E —, 0.

Distance of two consecutive knots and uniform consistencyfd”,. By means of Theorem
4.1 we can solve a “gap problem” for log-concave densityresiion. The phrase “gap problem”
was first used by Balabdaoui and Wellner (2008) to describeptioblem of computing the

distance between two consecutive knots of certain estisiato

Theorem 4.3. Suppose that the assumptions of Theorem 4.1 hold. Assunheffahaty’ (x) —
¢'(y) > C(y — x) for some constant' > 0 and arbitraryA < x < y < B, wherey’ stands for
o'(-=)org(-+). Then
i‘ég yegj&n) lz—y| = O, (pg/(4ﬁ+2))_
Theorems 4.1 and 4.3, combined with a result of Stute (198@)tethe modulus of conti-
nuity of empirical processes, yield a rate of convergencéhti®maximal difference between,

andF,, on compact intervals:

Theorem 4.4. Under the assumptions of Theorem 4.3,

max

7 _ _ 33/(48+2)
me [ Fn(t) = Fu(t)] = Op (o) ).

In particular, if3 > 1, then

max — = o,(n"1/?).
max [ Fa(t) = Fu(t)] = op(n~?)
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Thus, under certain regularity conditions, the estimatbysand F,, are asymptotically
equivalent on compact sets. Conclusions of this type arékmelvn for the Grenander esti-
mator (cf. Kiefer and Wolfowitz 1976) and the least squargsrator of a convex density on
[0, 00) (cf. Balabdaoui and Wellner 2007).

The result of Theorem 4.4 is also related to recent resul@ing and Nickl (2007). They
devise kernel density estimators with data—driven chofdeaadwidth which are also adaptive
with respect to3 in a certain range while the integrated density estimat@sigmptotically
equivalent toF,, on the whole real line. However, i > 3/2, they have to use kernel func-
tions of higher order, i.e. no longer being non-negativel simulating data from the resulting

estimated density is not straightforward.

Example. Let us illustrate Theorems 4.1 and 4.4 with simulated datairefrom the Gumbel
distribution withp(z) = —x — e~*. Herey' () = —e~7, so the assumptions of our theorems
are satisfied witht = 2 for any compact intervdl’. The upper panels of Figure 3 show the true
log-densityy (dashed line) and the estimatgy, (line) for samples of sizes = 200 (left) and

n = 2000 (right). The lower panels show the corresponding empimimatesseal/z(lﬁ‘n - F)
(jagged curves) andl/z(Fn — F) (smooth curves). First of all, the quality of the estimaggr

is quite good, even in the tails, and the quality increasdis sample size, as expected. Looking
at the empirical processes, the similarity betweéf?(F,, — F) andn!/?(F, — F) increases
with sample size, too, but rather slowly. Note also that steratorF;, outperformsF,, in terms

of supremum distance fro, which leads us to the next paragraph.

Marshall's Lemma. In all simulations we looked at, the estimatiy satisfied the inequality
1E: = Fll% < IFn — Fli%, 4)

provided thatf is indeed log-concave. Figure 3 shows two numerical exasriplethis phe-
nomenon. In view of such examples and Marshall's (1970) larabout the Grenander estima-
tor F;jlon, we first tried to verify that (4) is correct almost surely dndanyn > 1. However,
one can construct counterexamples showing that (4) maydteted, even if the right hand side
is multiplied with any fixed constart’ > 1. Nevertheless our first attempts resulted in a version
of Marshall’'s lemma foconvexdensity estimation; see Dimbgen et al. (2007b). For thegoite

setting, we conjecture that (4) is true with asymptotic atmlity one as» — oo, i.e.

P(|IF, - FI% < |Fa - FIE) — 1.
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Figure 3: Density functions and empirical processes for Belrsamples of size = 200 and
n = 2'000.

A monotone hazard rate estimator. Estimation of a monotone hazard rate is described, for
instance, in the book by Robertson et al. (1988). They soirexitly an isotonic estimation
problem similar to that for the Grenander density estimakar this setting, Hall et al. (2001)
and Hall and van Keilegom (2005) consider methods basedsuitable modifications of kernel

estimators. Alternatively, in our setting it follows fromemma A.2 in Section A that

2 L fn(ﬂj)
) = T 5

defines a simple plug-in estimator of the hazard raté-eso, X,,) which is non-decreasing as
well. By virtue of Theorem 4.1 and Corollary 4.2 it is unifdgntonsistent on any compact

subinterval of the interrior of f > 0}. Theorems 4.1 and 4.4 entail even a rate of convergence:

Corollary 4.5. Under the assumptions of Theorem 4.3,

hn(t) = B(8)] = Oy (/D).

max
t€T(n,3)
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5 Estimation of convex ork—monotone densities ono, o)

Under assumptions comparable to ours foe= 2, Groeneboom et al. (2001) proved uniform
consistency of the maximum likelihood estimagar, of a convex density, on [0, co) as well
as a rate of convergence @g(n—%) at a fixed pointz, > 0. Using these results, they further
provided the limiting distribution of,, » at a fixed pointz,,.

Monotone and convex densities are members of the broadser ala—monotone densities.
A density functiorpy, : [0, 00) — [0, c0) is I-monotone if it is non—increasing. It2&s-monotone
if it is non—increasing and convex, akémonotone fok > 3 if, and only if, (—1)jp,(j) iS non—
negative, non—increasing, and convex jore= 0, ...,k — 2. Balabdaoui and Wellner (2008)
generalized the results of Groeneboom et al. (2001) to thes®notone densities. However,
only by assuming that a so far unverified conjecture abouuteer bound on the error in a
particular Hermite interpolation via odd—degree splineiftrue.

Similarly to ¢,,, the maximum likelihood estimatogs, ;. of p;. are splines of ordek — 1.
However, for anyk > 1 the knots ofp,, ;, fall strictly between observations, with probabil-
ity equal to one. This property makes it considerably diffito obtain a result analogous to
Theorem 4.3.

Remarkably, the characterization ff in Theorem 2.4 by means of integrated distribution
functions coincides with that of the least squares estimafta convex density of), o), see
Lemma 2.2 of Groeneboom et al. (2001). This turns out to beiarin finding the limiting
distribution ofn®/ 2+ (f, (x,) — f(x,)) for anyz, € R, see Balabdaoui et al. (2008). Here,
¢ indicates the first non—vanishing higher order derivatife-@t x,. That means/{ = 2 if
¢"(x,) # 0. Otherwise, > 3 is the smallest integer such that/) (z,) = 0for2 < j < ¢
while ) (z,) # 0.

6 Outlook

Starting from the results presented here, Balabdaoui €@08) derived recently the pointwise
limiting distribution offn. They also consider the limiting distribution G)fgmaxxean(x) as
an estimator of the mode gf. Empirical findings of Muller and Rufibach (2006) show that
the estimatorfn is even useful for extreme value statistics. Log-concavesities have also
potential as building blocks in more complex models (e.gression or classification) or when
handling censored data (cf. DUmbgen et al. 2007a).

Unfortunately, our proofs work only for fixed compact intals; whereas simulations sug-
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gest that the estimators perform well on the whole real IRight now the authors are working
on a different approach wherg, is represented locally as a parametric maximum likelihood
estimator of a log-linear density. Presumably this will giere our understanding of the log-
concave NPMLE’s consistency properties, particularlyhia tails. For instance, we conjecture

thatF,, and £, are asymptotically equivalent on any interZabn whichy’ is strictly decreas-

ing.

A Auxiliary results and proofs

A.1 Two facts about log-concave densities

The following two results about a log-concave dengity exp ¢ and its distribution functio’
are of independent interest. The first result entails treattdnsityf has at least subexponential

tails:

Lemma A.1. For arbitrary points, < xs,

@) < Lwe) = Fla)

T2 — I

Moreover, forz, € {f > 0} and any reat # z,,

( h(zo,x) )2
fx) < fxo)|z — x|/
flxo) — o)z — 20 .
exp(l — %) if f(zo)|lx —xo| > h(xy, ),

where

F(z,) if x < z,,
h(zo,z) = F(max(z,,x)) — F(min(z,,z)) <

1—F(z,) Ifz> x,.

A second well-known result (Barlow and Proschan 1975, Lena®), provides further
connections between the densjtyand the distribution functiod’. In particular, it entails that
f/(F(1— F))is bounded away from zerodn: : 0 < F(z) < 1}.

Lemma A.2. The functionf/F is non-increasing ofz : 0 < F(z) < 1}, and the function
f/(1 = F) is non-decreasing ofx : 0 < F(z) < 1}.
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Proof of Lemma A.1. To prove the first inequality, it suffices to consider the neral case

of z1, 29 € {f > 0}. Then concavity of» entails that

T2 Z’Q—t t—:L'l
Fa) — F(a) > ( )t
@)= F) 2 [ e (2 ptm) + e

1
— (a2 an) [ (1 - uple) + uple) du

1
> (s — 1) exp /0 (1~ u)pler) + ugp(an) du)
= (wg —x1)exp(p(x1)/2 + @(z2)/2)
= (v2 — 1)V f(21) f(72),

where the second inequality follows from Jensen’s inegyali
We prove the second asserted inequality only:fof z,, i.e.h(x,, z) = F(z) — F(z,), the
other case being handled analogously. The first part etitaits
f(z) ( (o, 7) )2
f(fL'o) o f(:L'o)(:L' - 1’0) ’

and the right hand side is not greater than ong(if,)(z — x,) > h(z,,x). In the latter case,

recall that

1
h(@o, ) > (=) /0 exp((1 —u)p(wo) + up(@)) du = f(zo)(z — 20)J (p(2) — P(20))
with o(x) — ¢(x,) < 0, whereJ(y) := fol exp(uy) du. Elementary calculations show that
J(=r)=(1—-eT")/r>1/(1+ r) for arbitraryr > 0. Thus

f(xo)(x - 550)
Mrot) 2 T )~ (@)

which is equivalent tqf (z)/ f (z,) < exp(1 — f(z,)(x — xo)/h(x0, T)). O

)

A.2 Proofs of the characterizations

Proof of Theorem 2.2. In view of Theorem 2.1 we may restrict our attention to coecamd
real-valued functiong on [ X, X,,] and setp := —oco onR \ [X1, X,,]. The seC,, of all such
functions is a convex cone, and for any functitn R — R and¢ > 0, concavity ofp 4+ tA on
R is equivalent to its concavity oy, X,,].

One can easily verify that,, is a concave and real-valued functional @n Hence, as

well-known from convex analysis, a functighe C,, maximizes¥,, if, and only if,

lim U (0 +t(p —9) — Wn(p) <0
t10 t
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for all ¢ € C,,. But this is equivalent to the requirement that

lim U (P +tA) — U, (D) <
t10 t

for any functionA : R — R such thaty + AA is concave for soma > 0. Now the assertion
of the theorem follows from

lim U, (¢ +tA) — T,
t10 t

®) _ /Aan—/A(w) exp §(z) dz. =

Proof of Theorem 2.4. We start with a general observation. Ik¢be some distribution (func-
tion) with support[X;, X,,], and letA : [X1, X,,] — R be absolutely continuous with;—

derivativeA’. Then it follows from Fubini’s theorem that

n

/ AdG = A(X)) A()G(r) dr. (5)

X1
Now suppose that = ¢,,, and lett € (X3, X,,]. Let A be absolutely continuous 4, X, ]
with L;—derivativeA’(r) = 1{r < t} and arbitrary value oA (X,). Clearly,p + A is concave,
whence (2) and (5) entail that

t t
A(X,) — / F,(r)dr < A(X,) — / F(r)dr,
X1 Xl
which is equivalent to inequality (3). In caseoE S, (¢) \ {X1}, let A'(r) = —1{r < t}.
Theny + AA is concave for soma > 0, so that

t t

Fp(r)dr < A(Xn)—l—/X F(r)dr,

A(X,) —I-/

X1
which yields equality in (3).

Now suppose thap satisfies inequality (3) for all with equality if¢ € S,,(p). In view of
Theorem 2.1 and the proof of Theorem 2.2, it suffices to shaw () holds for any function
A defined on Xy, X,,] which is linear on each intervaX;, X; 1], 1 < j < n, while ¢ + AA
is concave for soma > 0. The latter requirement is equivalent fobeing concave between
two consecutive knots @gb. Elementary considerations show that the-derivative of such a

function A may be written as

Alr) =Y Bilfr < X;}

Jj=2

with real numbergl,, . . ., 3, such that
B = 0 if X; & Su().

16



Consequently, it follows from (5) and our assumptionszaimat

/ o,
AdF, = A(X,)—) p5; F,.(r)dr
=

( Z": /Xj -
A(X,) — B F(r)dr
j=2 %

= /Adﬁ. 0

Proof of Corollary 2.5. Fort € S,,(¢y) ands < t < w, it follows from Theorem 2.4 that

IN

1 [ I
/ Fo(r)dr < /Fn(r)dr and
t s

u—t u—1t
S I
> :
t_S/SFn(r)dr > t_S/SIE‘n(r)dr
Lettingw | t ands T t yields
E,(t) < Fo(t) and E,(t) > F(t—) =F,(t) —n"t O

A.3 Proof of ¢,,’'s consistency

Our proof of Theorem 4.1 is a refinement and modification ofoés introduced by Dimbgen
etal. (2004). Afirst key ingredient is an inequality for caxe functions due to Dimbgen (1998)
(see also Dumbgen et al. 2004 or Rufibach 2006):

Lemma A.3. Foranyg € [1,2] andL > 0 there exists a constaif = K (3, L) € (0,1] with
the following property: Suppose thaandg are concave and real-valued functions on a compact
intervalT = [A, B], whereg € H?X(T). Lete > 0 and0 < § < K min{B — A,¢'/%}. Then

~

sup(g —g) > € or sup  (g—9) > €
teT t€[A+6,B—4)

implies that

inf (§—g)(t) = ¢/4 or _inf (9—g)(t) = ¢/4
te[e,c+9] te[e,c+9]
for somec € [A, B — 9].

Starting from this lemma, let us first sketch the idea of owopf Theorem 4.1: Suppose

we had a familyD of measurable functionA with finite seminorm

o(A) = (/AZdF)1/2,

17



such that
‘ [Ad(F, — F)

(6)

sup
aeD o(A)py?

with asymptotic probability one, whex@ > 0 is some constant. If, in additiorg — ¢,, € D

andy — ¢, < C with asymptotic probability one, then we could concludd tha

[ (0= pn)dE. - F)] < Coto-puol™
while Theorem 2.2, applied td := ¢ — ,,, entails that
Jo-eaE. -5 < [o-enaE-p)
- - / A(1 - exp(—A)) dF
< —(1+0)! /A2 dF
= —(1+C) (e —¢n)?,

becausey(1 — exp(—y)) > (1 + y, )~ 'y? for all realy, wherey, := max(y,0). Hence with

asymptotic probability one,

ol —¢n)? < C*(1+C)?py.

Now suppose thdtp — ¢,,| > €, on a subinterval of’ = [A, B] of Iengthe,l/ﬁ, where(e,,), is

a fixed sequence of numbers > 0 tending to zero. Thea(p — $,)? > eﬁfff“)/ﬁ minp(f),

so that
6 < 5piﬁ/(2ﬁ+l)

with C = (C2(1 + €)%/ ming (f))*" 7+,

The previous considerations will be modified in two aspeetget a rigorous proof of The-
orem 4.1: For technical reasons we have to replace the denaltnmb—(A)pi/2 in (6) with
U(A)p;/z + W(A)pi/?’, where

W(A) := sup \A(—w)]

zek max (1, p(z)])

This is necessary to deal with functiodswith small values off'({A # 0}). Moreover, we
shall work with simple “caricatures” op — ¢,,, namely, functions which are piecewise linear
with at most three knots. Throughout this section, piecevinearity doesiot necessarily imply
continuity. A function being piecewise linear with at mastknots means that the real line may
be partitioned inton + 1 nondegenerate intervals on each of which the function ealinThen
them real boundary points of these intervals are the knots.

The next lemma extends inequality (2) to certain piecewrssal functions:
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LemmaA.4. LetA : R — R be piecewise linear such that each kqoif A satisfies one of the

following two properties:

q € Sn(¢n) and A(q)zliggiqnf A(z), )
Afg) =lim A(r) and A'(g—) = A'(g+). (8)

Then
/AdIFn < /Aan. (9)

Now we can specify the “caricatures” mentioned before:

LemmaA.5. LetT = [A, B] be a fixed subinterval of the interior §f > 0}. Leto — ¢, > €
or ¢, — ¢ > € on some intervdi, c + 5] C T with lengthé > 0, and suppose th&, < c and
X, > c+ 4. Then there exists a piecewise linear functivrwith at most three knots each of

which satisfies condition (7) or (8) and a positive constéht= K'(f,T) such that

[ — &nl > €A, (10)
A(p —pn) > 0, (11)
A <1, (12)

c+d
A?(z)dz > §/3, (13)
W(A) < K'620(A). (14)

Our last ingredient is a surrogate for (6):

Lemma A.6. LetD,, be the family of all piecewise linear functions Brwith at mosim knots.

There exists a constaht” = K" (f) such that

(fAd(Fn—F)

< K//

sup
m>1, 06D o(A)m'/2pr 2 + W (A)mpt®

with probability tending to one as — oo.

Before we verify all these auxiliary results, let us procesith the main proof.
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Proof of Theorem 4.1. Suppose that
sup (Pn —p)(t) > Cey
teT

or

sup (@ —@n)(t) = Cey
tE[A+6,,B—0n)

for some constant’ > 0, wheree,, := p/ ?*™ ands, = pi/ P = /8 1t follows from
Lemma A.3 withe := Ce, that in case of? > K—° and for sufficiently largen, there is a
(random) intervalcy,, ¢,, + d,,] C T on which eitherp,, — ¢ > (C/4)e, Or o — @, > (C'/4)ep.
But then there is a (random) functiah,, € Dj; fulfilling the conditions stated in Lemma A.5.
For thisA,, it follows from (9) that

/ Apd(F —F,) > / Apd(F - B) = / An(1—exp[—(¢p — $a)]) AF. (15)
R R R

With A, = (C/4)e, Ay, it follows from (10-11) that the right hand side of (15) i smaller

than

~ ~ 6_1 A €
(4/C)et / An(1 —exp(—=Ay)) dF > Wk o(Bn)* = ﬁ/i)(f;

® T e 7

because\,, < (C/4)ey, by (12). On the other hand, according to Lemma A.6 we may assum
that

IN

/ And(F —Fy) < K"(3Y20(An)pY? + 3W(A)p2%)
R

IN

KM@YV 4 K622 0 (M) (by (14)
K//(31/2p;/2 + 3K/pi/3—1/(45+2))0,(An)
GP}L/ZU(AH)

IN

IN

for some constantr = G(6, L, f,T), becaus®/3 — 1/(48 +2) > 2/3 —1/6 = 1/2. Conse-
guently,

o _ 16G2(1+o(1))e,%p,  16G*(1+o0(1)) _ 48G*(1+o0(1))
CETT R T s S mine()

where the last inequality follows from (13). O

Proof of Lemma A.4. There is a sequence of continuous, piecewise linear fureilg. con-

verging pointwise isotonically ta\ ask — oo such that any knoy of A, either belongs to
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Sn(@n), or Aj(g—) > Al(g+). Thusg, + AAy is concave for sufficiently smalk > 0.
Consequently, sinc&; < A, < A for all k, it follows from dominated convergence and (2)
that

/A dF, = lim [ ApdF, < lim ApdE, = /Aan. O

k—oo

Proof of Lemma A.5. The crucial point in all the cases we have to distinguish isolastruct
a A € Ds satisfying the assumptions of Lemma A.4 and (10-13). Réleatlp,, is piecewise
linear.

Case la: ¢, — ¢ > eonc,c+ 6] and S,,(¢n) N (c,c + 6) # 0. Here we choose a
continuous functiom\ € D3 with knotsc, ¢+ § andz, € S,,(¢n) N (¢, c+ ), whereA := 0 on
(—o0,c]U[c+9d,00) andA(z,) := —1. Here the assumptions of Lemma A.4 and requirements
(10-13) are easily verified.

Case 1b:p, — p > eonc,c+ 0] and S, (¢n) N (¢,c+ ) = 0. Let[c,,d,] D [c, ¢+ J]
be the maximal interval on which — ¢,, is concave. Then there exists a linear functidsuch
thatA > ¢ — ¢, on[c,, do] andA < —e on|e, ¢ + 4. Nextlet(cy, dy) == {A < 0} N (co, do).
Now we defineA € D, via

Ala) = 0~ if v € (—00,c1)U(dy,00),
AJe ifz e e, d].
Again the assumptions of Lemma A.4 and requirements (10afi8gasily verified; this time
we even know that\ < —1 on|c,c + 4], Whencefcc+5 A(x)2 dx > 4. Figure 4 illustrates this
construction.
Case 2:p — ¢, > €on|[c,c+ §]. Let|[c,,c] and[c + §, d,] be maximal intervals on which

on IS linear. Then we define

0 if x € (—007 Co) U (dm 00)7
A@) = S 14 (e —a0) T2 [eons),

1 _|_52(w — xo) if x € [w(ndo]a

wherezx, := ¢+ §/2 and3; > 0 is chosen such that either

A(CO) =0 and (4,0 - @n)(co) >0 or

(p — @n)(co) <0 and sign(A) = sign(e — @) 0N [co, o).
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Figure 4: The perturbation functiofs in Case 1b.

Analogously,3s < 0 is chosen such that

A(do) =0 and (4,0 - @n)(do) >0 or

(p— @n)(dy) <0 and sign(A) = sign(p — @,) On|x,, dy).

Again the assumptions of Lemma A.4 and requirements (10af8yerified easily. Figure 5
depicts an example.

It remains to verify requirement (14) for our particular &ions A. Note that by our
assumption o’ = [A, B], there exist numbers, C, > 0 such thatf > C, onT, :=
[A—7,B+T].

In Case 1ajV'(A) < A% = 1, whereasr(A)2 > C, [“** A(z)? dz = C,82/3. Hence
(14) is met ifK’ > (3/C,)'/2.

For Cases 1b and 2 we start with a more general considerdtéh:(x) := 1{z € Q}(a +
~x) for real numbersy, v and a nondegenerate interv@lcontaining some point ific, ¢ + 9).

Let @ Nn'T, have endpoints, < y,. Then elementary considerations reveal that

Yo Co
o = C, [ ot olde = S w0 (IR
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Figure 5: The perturbation functiofs in Case 2.

Now we deduce an upper bound #f(h)/||h||Zs. If Q C T, ory = 0, thenW (h)/||h||Zs < 1.
Now suppose that # 0 and@ ¢ T,. Thenz,,y, € T, satisfyy, — x, > 7, and without loss

of generality lety = —1. Now

Hh”g}; = max(\a - xo’a ‘a - yo’)

= (yo - 330)/2 + |a - (5170 + yo)/2|
T/2+ |la— (zo + Yo)/2|.

v

On the other hand, singg(x) < a, — b,|z| for certain constants,, b, > 0,

W(h) <

IN

IA

This entails that

o —

z€R max(l, b0|x| - aO)
oup_lal +
zeR max(l, b0|x| - aO)

o + (a0 +1)/bo
o = (2o + o) /2| + (Al + Bl + 7)/2 + (a0 + 1) /b,

W) (Al Bl 72+ (a0 + 1)/b,
G = 2 |
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In Case 1b, our function is of the same type dsabove, andj, — x, > §. Thus
W(A) < C.h|% < 20,.C5126 26 (A).

In Case 2A may be written a%; + ho, with two functionsh; andh, of the same type ak
above having disjoint support and both satisfying- =, > 6/2. Thus
W(A) = max(W(hl), W(hg))
< 220,071 25m1/2 max (o (hi),o(hs))

A

220, CY257126(A). O

To prove Lemma A.6, we need a simple exponential inequality:

Lemma A.7. LetY be a random variable such the(Y) = 0, IE(Y?) = ¢% andC :=
[Eexp(|Y|) < oco. Then for arbitraryt € R,

o?t? Clt)?
+
2 (1=[th+

Eexp(tY) < 1+

Proof of Lemma A.7.

2t2

e
Eexp(tY) = ]E(Yk) <1+ — —i—Z‘ | E(]Y])

For anyy > 0 and integers: > 3, yfe™ < kFe™". ThusIE(|Y|*) < Eexp(|Y|)k*e " =

CkFe=F. SincekFe—* < k!, which can be verified easily via induction &n

ol = . CltP
IvF < oS = = 0
Z BV < €2 1" = 5,

Lemma A.7 entails the following result for finite families foinctions:

Lemma A.8. Let'H,, be a finite family of function$ with 0 < W (h) < oo such that¥H,, =
O(nP) for somep > 0. Then for sufficiently larged,

(fhd Fn—F)‘
lim IP | max 2/32D = 0.

n=oo "\ h€Mu g(h)pl/? + W (h)p2

Proof of Lemma A.8. SinceW (ch) = ¢W(h) ando(ch) = co(h) for any h € H,, and
arbitrary constants > 0, we may assume without loss of generality thigth) = 1 for all

h € H,,. Let X be arandom variable with log—density Since

p(z)

limsup —= < 0
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by Lemma A.1, the expectation ekp(t,w(X)) is finite for any fixedt, € (0,1), where

w(z) := max(1, |¢(x)]). Hence
IE exp (to|h(X) —EMX)]) < C, := exp(to Ew(X))Eexp(t,w(X)) < oo.

Lemma A.7, applied t&” := ¢,(h(X) — IE (X)), implies that

(h)*t? Chlt]?
2 (1—Colt])+

Eexp[t(h(X) - Eh(X))] = E((t/t,)Y) < 1+ 2

for arbitraryh € H,,, t € R and constant§’;, C> depending o, andC,. Consequently,

IEexp(t/hd(IE‘n —F)> _ Eexp((t/n)zn:(h(Xi) —IEh(X))>

=1
= (Bexp((t/n)(h(X) —Eh(X))))"

- o(h)*t? N Chltf? "
2n? n3(1 — Colt|/n)+

ox U(h)2t2 n Cl|t|3
P\ 7o TR2a—Gultl/n)L )

IN

IN

Now it follows from Markov’s inequality that

P(‘/hd@“ ~F)|2n) < 2ex (U(thz TR —ngt/n)+ - “7> (16)

for arbitraryt,n > 0. Specifically lety = D(cr(h)pi/2 + p?/g) and set

1/2
t = % < npi/3 = o(n).
Then the bound (16) is not greater than
2 exp ( a(h)?logn Clp,l/2 logn _ Dlog n)
20 (h) + p/%)2  (o(h) + p/0)3(1 — Capi®)s

G
(1— Copi®)s

Consequently, for sufficiently large > 0,
. ‘fhd(IFn—F)‘ .
max =
heHn o (h)p!® + W (h)pr!”
< #Hn2exp((O(1) — D)logn) = O(1)exp((O(1) + p— D)logn) — 0. O

< 2exp[(% + - D) logn] = 2exp((O(1) — D)logn).
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Proof of Lemma A.6. Let M be the family of all functions: of the form
h(z) = Hz € Q}(c+ dz)

with any interval@Q C R and real constants d such thath is nonnegative. Suppose that there

exists a constart’ = C'(f) such that

|[hd(F, — F)| B
]P<225 o(h)ps* + W (h)p2? = C> - 40

For anym € N, an arbitrary functiom\ € D,, may be written as

M
A= n
=1
with M = 2m + 2 functionsh; € H having pairwise disjoint supports. Consequently,

M 1/2 M
o(A) = (Za(hi)2) > M—1/2ZJ(hi)
i=1 =1

by the Cauchy-Schwarz inequality, while

i=1,....M

M
W(A) = max W(hi) > M~ W(h).
=1

Consequently, (17) entails that

M-

.
I
—_

‘/Ad(Fn—F)‘ < hid(Fn—F)‘

M=z —

M
< C(Yothnll? + > W(n)o?)
i=1

i=1 =
< 40 (o(A)m 2 pl? + W(A)ymp?/?)

uniformly inm € NandA € D,, with probability tending to one as — oc.

It remains to verify (17). To this end we use a bracketing argot. With the weight
functionw(z) = max (1, |¢(x)]) let —0o = tno < tn1 < -+ < t, n(m) = oo such that for
Inj := (tnj—1,tn;l,

(2n)7! < /1 w(x)?f(z)de < n~t forl<j < N(n)

n,j
with equality if j < N(n). Sincel < [ exp(t,w(z))f(z)dz < oo, such a partition exists with
N(n) = O(n). For anyh € H we define functiong,, ¢, h,, ,, as follows: Let{yj, ..., k} be the
set of all indices € {1,...,N(n)} such thafh > 0} N I,,; # (. Then we define

hn,f(x) = 1{tn,j <1‘§tn,k,1}h(x)
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and

hpu(z) = hye(x) + 1{x € L, ; UL, . }W (h)w(x).

Note that0 < h,, ¢ < h < hy,,, < W (h)w. ConsequentlyiV (hy,, o) < W (h) = W (hy,,). Sup-

pose for the moment that the assertion is true for the (sfithite) family H,, := {hM, P

h € H} in place ofH. Then it follows fromw > 1 that

/hd(Fn ~F) < /hn,u dF,, —/hmg dF

= /hn,u d(Fn - F) + /(hn,u - hn,é) dF

< /hn,u d(F, — F) + W(h)/ w(x)? dF

In,jUIn,k

IN

/ B d(Fy — F) +2W (h)n~*

IN

C(U(hn,u)prlz/z + P?/g) +2n~!
C(a(h)pl/? + 2Y2W (hyn =12 pl/% + p2/3) + 2W (h)n ™"
(C+o(1) (o (h)py* + W (h)pi/?)

IN

IN

uniformly in h € H with asymptotic probability one. Analogously,

/hd(IFn -F) > /hn’g d(F, — F) —2W (h)n~!
~C(o(hn)pn® + W (h)pr/®) —2W ()yn ™!
> —(C+o(1)(a(h)py> + W (h)py/®)

v

uniformly in A € H with asymptotic probability one.

To line up with Lemma A.8, we now have to deal with,. For anyh € H the functionh,, ¢

may be written as

with the “triangular functions”

(1) tn,k-l — X
g, ip(x) = —— and
nJ,k( ) bkt — g
g,g%;,k(x) 1= xi_’” for1<j<k<N(n),k—j>2
tn,k—l th

In case oft —j < 1we setggg E = gf;. w := 0. Moreover,

hn,u = hn,é + W(h)gn,j + l{k > ]}W(h)gn,k
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with g, ;(z) == 1{z € I, ;}w(z). Consequently, all functions ik, are linear combinations

with nonnegativecoefficients of at most four functions in the finite family
2
Go = {gni:1<i < Nm)}U{g), 08, :1<j<k<Nn)}
Sinceg,, containsO(n?) functions, it follows from Lemma A.8 that for some consté@nt> 0,
‘/gd(Fn - F)‘ < D(a(g)py/* + W(g)p}/?)

for all ¢ € G,, with asymptotic probability one. Now the assertion abii4t follows from the

basic observation that fér = E?:l a;g; With nonnegative functiong; and coefficientsy; > 0,

4 12 4
a(h) > (Zafa(gi)2> > 2_12%0’(9@')7

Wi(h) > Inax al (g:;) > 4~ 12(1, 9i) a

A.4 Proofs for the gap problem and ofF},’s consistency

Proof of Theorem 4.3. Suppose thap,, is linear on an intervak, b]. Then forz € [a, b] and
Ay = (x —a)/(b—a) € [0,1],

p(r) = (1= Az)p(a) — /\mso()

= (1—)\)/a dt—)\x/gp

= (1_)\:(:)/ (') — ¢ () dt + A, /( '(z) — ¢ (t)) dt
> C(l—)\m)/w(az—t)dt—l—C)\z/b(t—m)dt

= Cb—a)* (1 —Ap)/2
= Cb—a)?/8 ifx=21,:=(at+b)/2

This entails thasupy, ;) [6n — ¢| > C(b — a)?/16. Forif ¢, < o+ C(b—a)?/16 on{a, b},
then

©(To) = Pn(T0) = @(T6) — (Pnla) + Pn(b))/2
(o) — (p(a) + ¢(b))/2 = C(b - a)?/16
Cb—a)?/8—C(b—a)?/16 = C(b—a)?/16.

V

v
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Consequently, i@, — ¢ < anﬁ/(%“) onT, := [A + pl/(26+1) B —

D,, = O,(1), then the longest subinterval 8, containing no points fron$,, has length at most
4D 0=1/2,8/48%2) Sincer, andT = [A, B] differ by two intervals of lengthpy/ 2T =

O(pﬁ/ (45 +2)), these considerations yield the assertion alsat,, ). O

pi/(zﬁ'f‘l)] with

Proof of Theorem 4.4. Lets, = p/ ®**Y andr, := Dp2/ 2 — DsL/? for some con-
stantD > 0. Sincer,, — 0 butnr, — oo, it follows from boundedness gf and a theorem of
Stute (1982) about the modulus of continuity of univariatepgical processes that

Wy = sup  |(Fn — F)(2) — (Fn — F)(y)]

z,yeR: |x—y|<ry,
= Op(n_1/2r,1/2 log(l/rn)l/z)
_ Op (Pg56+2)/(86+4)) )

If D is sufficiently large, the asymptotic probability that faryapointz € [A + §,,, B — ;]
there exists a poirg € S,,(¢n) N [A + 6, B — 6,] with |z — y| < r, is equal to one. In that

case it follows from Corollary 2.5 and Theorem 4.1 that

|(Fn_Fn)(w)‘ < ( n— Fn)(@ )_(Fn_Fn)(y)""n_l
< | = F)(@) = (B = F)(y)| + wn + 07!
max(x,y) A e n—l
= /mln(x,y ’( )d Tt
< p 5/(25"‘1)) +wy, + n=t

Oy (
=0, (s, 0

Acknowledgment. We thank an anonymous referee for valuable remarks and sopwtiant

references.

References

[1] ANEVsKI, D. (1994). Estimating the derivative of a convex densitychnical report,

Dept. of Mathematical Statistics, University of Lund.

[2] ANEVSKI, D. (2003). Estimating the derivative of a convex densBatistica Neerlandica
57, 245-257.

[3] BAGgNOLI, M. and BERGSTROM T. (2005). Log-concave probability and its applications.
Econ. Theory26, 445-469.

29



[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

BALABDAOUI, F. and WELLNER, J.A. (2007). A Kiefer—Wolfowitz theorem for convex
densities.IMS Lecture Notes Monograph Series 205, 1-31.

BAaLABDAOUI, F. and WELLNER, J.A. (2008). Estimation of Z—monotone density:

limiting distribution theory and the spline connectiofwin. Statist, to appear.

BALABDAOUI, F., RUFIBACH, K. and WELLNER, J.A. (2008). Limit distribution theory

for maximum likelihood estimation of a log-concave densRyeprint (arXiv:0708.3400).

BARLOW, E.B., BARTHOLOMEW, D.J., BREMNER, J.M. and BRUNK, H.D. (1972).Sta-

tistical Inference under Order Restrictiondiley, New York.

BAarLOw, E.B. and RRoscHAN, F. (1975). Statistical Theory of Reliability and Life
Testing Probability ModelsHolt, Reinhart and Winston, New York.

BROOKS, S. (1998). MCMC convergence diagnosis via multivariaterfas on log-
concave densitiesAnn. Statist26, 398—433.

CHANG, G. and WALTHER, G. (2008). Clustering with mixtures of log-concave diatri

tions. J. Comp. Graph. Statisto appeatr.

DoONOHO, D.L., JOHNSTONE |.M., KERKYACHARIAN, G. and RCARD, D. (1996).
Density estimation by wavelet thresholdingnn. Statist.24, 508—-539.

DUMBGEN, L. (1998). New goodness—of-fit tests and their applicationonparametric
confidence setsAnn. Statist26, 288-314.

DUMBGEN, L., FREITAG S. and ®NGBLOED, G. (2004). Consistency of concave regres-

sion, with an application to current status datath. Methods Statistl3 69-81.

DUMBGEN, L., HUSLER, A. and RUFIBACH, K. (2007). Active set and EM algorithms for
log-concave densities based on complete and censored Tethnical report 61, IMSV,
University of Bern (arXiv:0707.4643)

DUMBGEN, L., RUFIBACH, K. and WELLNER, J.A. (2007). Marshall's lemma for convex
density estimation. InAsymptotics: Particles, Processes and Inverse Prob{EmGator,
G. Jongbloed, C. Kraaikamp, R. Lopuhaa, J.A. Wellner,)egp. 101-107.IMS Lecture
Notes - Monograph Seriéss.

30



[16] DUMBGEN, L. and RUFIBACH, K. (2008). Maximum likelihood estimation of a log-
concave density and its distribution function: basic prbps and uniform consistency
Technical report, IMSV, Univ. of Bern (arxiv:0709.0334).

[17] EGGERMONT, P.P.B., laRicciA, V.N. (2000). Maximum likelihood estimation of

smooth monotone and unimodal densitidsin. Statist28, 922—-947.

[18] GINE, E. and NckL, R. (2007). Uniform central limit theorems for kernel deépsisti-
mators.Prob. Theory Rel. Field$o appeatr.

[19] GRENANDER, U. (1956). On the theory of mortality measurement, parSkandinavisk
Aktuarietidskrift 39, 125-153.

[20] GROENEBOOM P. (1985). Estimating a monotone density. FProc. Berkeley Conf. in
Honor of Jerzy Neyman and Jack Kiefenl. Il (L.M. LeCam and R.A. Ohlsen, eds.), pp.
539-555.

[21] GROENEBOOM P. (1988). Brownian motion with a parabolic drift and Aimyrictions.
Prob. Theory Rel. Field81, 79-109.

[22] GROENEBOOM P., DNGBLOED, G. and WELLNER, J.A. (2001). Estimation of a convex

function: characterization and asymptotic theofyin. Statist29 1653—-1698.

[23] GROENEBOOM, P., DNGBLOED, G. and WELLNER, J.A. (2008). The support reduction
algorithm for computing nonparametric function estimadtemixture models. Scand. J.

Statist, to appear.

[24] HALL, P., HUANG, L.S., GFFORD, J.A. and QJBELS, |. (2001). Nonparametric esti-
mation of hazard rate under the constraint of monotonicityComp. Graph. StatistO,
592-614.

[25] HALL, P. andvaN KEILEGOM, |. (2005). Testing for monotone increasing hazard rate.
Ann. Statist.33, 1109-1137.

[26] HAMPEL, F.R. (1987). Design, modelling and analysis of some biokdgdatasets. In:
Design, Data and Analysis, By Some Friends of Cuthbert Dai@el.. Mallows, ed.),
Wiley, New York.

[27] 1BRAGIMOV, |.A. (1956). On the compaosition of unimodal distributionsheory Probab.
Appl. 1, 255-260.

31



[28] JONKER, M. andVAN DER VAART, A. (2001). A semi-parametric model for censored

and passively registered dat@ernoulli 7, 1-31.

[29] KHAS' MINSKII, R.Z. (1978). A lower bound on the risks of nonparametricnestes of

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

densities in the uniform metricTheory Prob. Appl23, 794—798.

KIEFER, J. and WOLFowiITZ, J. (1976). Asymptotically minimax estimation of concave

and convex disribution function. Wahrsch. und Verw. Gebiet, 73—-85.

KuLikov, V.N. and LOPUHAA, H.P. (2006). The behavior of the NPMLE of a decreasing
density near the boundaries of the suppdmn. Statist.34, 742—768.

MARSHALL, A. W. (1970). Discussion of Barlow and van Zwet's paper. Mwnparamet-
ric Techniques in Statistical Inferenderoceedings of the First International Symposium
on Nonparametric Techniques held at Indiana Universitye,Ja969 (M.L. Puri, ed.), pp.
174-176. Cambridge University Press, London.

MEYER, C.M. and WbODROOFE M. (2004). Consistent maximum likelihood estimation
of a unimodal density using shape restrictio@&nad. J. Statis82, 85-100.

MULLER, S. and RIFIBACH, K. (2006, revised 2007). Smooth tail index estimation.
Preprint (arXiv:imath/0612140).

PaL, J., WOODROOFE M. and MEYER, M. (2006). Estimating a Polya frequency func-
tion. In: Complex datasets and Inverse problems: Tomography, Nksvaord Beyond (R.
Liu, W. Strawderman, C.-H. Zhang, ed9p. 239-249. IMS Lecture Notes - Monograph
Seriesh4.

PREKOPA, A. (1971). Logarithmic concave measures with applicatmstochastic pro-
gramming.Acta Sci. Math.32 301-316.

RAO, P. (1969). Estimation of a unimodal densi§ankhya Ser. 81, 23-36.

ROBERTSON T., WRIGHT, F.T. and IYXSTRA, R.L. (1988).Order Restricted Statistical

Inference.Wiley, New York.

RuriBACH, K. (2006). Log—Concave Density Estimation and Bump Hunting for I.1.D.
Observations. PhD Dissertation, Universities of Bern and Gottingen. ilalde at
http://mww.stub.unibe.ch/download/eldiss/O6rufibakipdf.

32



[40] RUFIBACH, K. (2007). Computing maximum likelihood estimators of g-moncave den-
sity function. J. Statist. Comp. Sin¥.7, 561-574.

[41] RuFiBACH, K., DUMBGEN, L. (2006). logcondens: Estimate a log-concave probgbilit

density from i.i.d. observations? package version 1.3.0.

[42] SENGUPTA, D. and DeEBASHIS, P. (2005). Some tests for log-concavity of life distribu-

tions. Preprint, http://anson.ucdavis.eddébashis/techrep/logconca.pdf.

[43] SILVERMAN, B.W. (1982). On the estimation of a probability density duon by the
maximum penalized likelihood methodnn. Statist.10, 795-810.

[44] STuTE, W. (1982). The oscillation behaviour of empirical pro@ssAnn. Probab.0,
86-107.

[45] SILVERMAN, B.W. (1986).Density Estimation for Statistics and Data Analysihiapman

and Hall, London.

[46] WALTHER, G. (2002). Detecting the presence of mixing with multisqalaximum likeli-
hood. J. Amer. Statist. Asso@7, 508-514.

[47] WEGMAN, E.J. (1970) Maximum likelihood estimation of a unimodahsliéy function.
Ann. Math. Statist41, 457-471.

[48] WoODROOFE M. and SUN, J. (1993). A penalized maximum likelihood estimate of
f(0+) when f is non-increasingAnn. Statist.3, 501-515.

Institute of Mathematical Statistics and Actuarial Scienc
University of Bern

Sidlerstrasse 5

CH-3012 Berne

Switzerland

Abteilung Biostatistik

Institut fir Sozial- und Praventivmedizin
Universitat Zurich

Hirschengraben 84

CH-8001 Zurich

Switzerland

33



