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Abstract. Estimating the parameters of multivariate mixed Poisson models is an important problem in image
processing applications, especially for active imaging or astronomy. This paper studies a composite likelihood (CL)
approach to estimate the parameters of multivariate mixed Poisson models when the mixing distribution is a multi-
variate Gamma distribution. The classical maximum likelihood (ML) approach cannot be used for these models since
the corresponding masses cannot be expressed in simple closed form. The consistency and asymptotic normality of
the composite likelihood estimator (CLE) are also derived. Simulations conducted on synthetic data illustrate these
results and show that the CLE outperforms estimators based on the method of moments. An application to change
detection in low-flux images is finally investigated.
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1 Introduction

Univariate mixed Poisson distributions have received much attention in statistics and image processing applications
(see for instance Grandell (1997), Goodman (1985) and references therein). These applications include active imaging,
where the image is obtained from a scene illuminated with laser light (Goudail et al. (2003)), or astronomy, where
low-flux images are recorded by using photocounting cameras (Goodman (1985)). A univariate mixed Poisson
distribution is the distribution of a random variable N such that the conditional distribution of N|X is a Poisson
distribution with parameter A (denoted as N|A ~ P(A)). The parameter A is also a random variable (called intensity)

whose distribution is referred to as structure distribution (Grandell, 1997, p. 3) or mixing distribution. When A has
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an absolutely continuous distribution defined on R™ (whose probability density function is denoted as fi())), the

probability masses of N can be written:
P(N = n) = / PN = n|A) f(\)dA,
0
o0 )\n
= / — exp (=A) f1(A)dA. (1)
0 n:

Multivariate extensions of mixed Poisson distributions are naturally constructed from a joint intensity distribution

fa(X) defined on R%. The corresponding masses of the d-multivariate variable N = (N1, ..., Ng), can be computed

p(N:n):/.../f[l%!’”
R -

where n = (ny,...,ng) and A = (Aq, ..., Ag). Some properties of multivariate mixed Poisson distributions (MMPDs)

as follows:

exp (=Ae) fa(A)dA, (2)

have been recently reported in Karlis and Xekalaki (2005) and Ferrari et al. (2007). For instance, conditions ensuring
that MMPDs belong to an exponential family have been derived. These conditions ensure that the parameters of
MMPDs can be estimated easily using the ML principle. Unfortunately, they are not satisfied in practical image
processing applications. As a consequence, estimating the parameters of MMPDs is still a challenging problem.

Chatelain et al. (2006) recently studied methods of moments to estimate the parameters of MMPDs. However,
likelihood based methods are often preferred since they usually provide estimates with lower variances. This paper
studies a CL approach to estimate the parameters of MMPDs when the mixing distribution is a multivariate Gamma
distribution. A CL is a combination of valid likelihoods associated to marginal or conditional events. The concept of
CL has been widely studied in the literature (see Cox and Reid (2003), Zhao and Joe (2005) and references therein)
since the seminal paper of Lindsay (1988). Usual CLs include the marginal likelihood, the pairwise likelihood
(Lindsay (1988)) and the Besag’s pseudolikelihood (Besag (1974)). The composite likelihood estimator (CLE) is
obtained by maximizing the corresponding CL. The advantage of using a CL instead of a standard likelihood is to
reduce the computational complexity of the optimization procedure. As a consequence, it allows to handle very
complex models, even if the full likelihood cannot be expressed in closed form. This is the case when multivariate
mixed Poisson distributions are studied since the corresponding joint masses cannot be generally computed easily by
using (2).

This paper is organized as follows: Section 2 presents some important results on MMPDs. The main properties of
the CLE are derived in Section 3. Simulation results on synthetic data are presented in Section 4. These simulations
clearly show the interest of the CLE with respect to moment estimators. Section 5 addresses the important problem of
detecting changes in synthetic aperture radar (SAR) images. The correlation coefficient of pixels belonging to images
affected by a natural disaster is estimated by the CL method. A comparison of this estimate with an appropriate
threshold (depending on the level of significance of the test) allows one to detect whether a given pixel has been

affected by the disaster. The proofs of theorems are reported in Section 6.



2 Notations and model

This section first recalls the definitions of the multivariate Gamma and negative multinomial distributions. The

MMPDs generated by multivariate Gamma distributions are then defined.

2.1 Multivariate Gamma distributions

A polynomial P(z) with respect to z = (21,...,2q) is said to be affine if the one variable polynomial z; — P(z)
can be written A=) z; + B(=7) (for any j = 1,...,d), where AC=7) and B(~7) are polynomials with respect to the
z;'s with ¢ # j. For any L > 0 and for any affine polynomial P(z), a multivariate Gamma distribution on Ri with
shape parameter L and scale parameter P(z), denoted as X ~ ~yr, p, is defined through its Laplace transform (see

Bernardoff (2006)):

Urp(2) =E (e7%) = [P(2)] 7, (3)
on an appropriate domain of existence, with the obvious condition P(0) = 1. Determining necessary and sufficient
conditions on the pair (L, P) such that vz p exist is a difficult problem. The reader is invited to look at (Bernardoff
(2006)) for more details. The Laplace transform of X; is obtained by setting z; = 0 for j # ¢ in (3). This shows
that X; is distributed according to a univariate gamma distribution with shape parameter L and scale parameter p;
(where p; is the coefficient of the monomial z; in P(z)). More generally, all margins of X are gamma distributions.

The moments of a multivariate gamma distribution can be directly derived from its Laplace transform (see Chate-
lain et al. (2007a) for more details). As an example, consider the bivariate case (corresponding to d = 2) and denote
as Py(z1,22) = 14 p1z1 + paze + p122122 the affine polynomial defining the bivariate gamma distribution of shape

parameter L. The first moments of (X, X2) ~ vz p, can be obtained as follows:
E(X;) = Lp;, Var(X;)=Lp?, foric{1,2},
Cov (X1, X2) = L(pip2 — p12) -

As a consequence, the correlation coefficient of (X1, X3), denoted as 7129, is

~ Cov(Xy,X2)  pip2—pr2
T12 = = ) (5)
Var (X1) Var (X2) P1p2

which leads to P12 = p1p2 (1 — 7’12).

2.2 Negative multinomial distributions
Definition

For any L > 0 and for any affine polynomial P(z), a negative multinomial distribution N ~ NMj, p on N¢ is defined

through its generating function (Bernardoff (2003)):

d
Gn(z)=E <H sz"> =[P(z)]"", (6)
k=1



with the obvious condition P(1) = 1. Determining necessary and sufficient conditions on the pair (L, P) such that
NMp p exists is a difficult problem (see Bernardoff (2003) for more details).

The generating function of IN; is obtained by setting z; = 1 for j # ¢ in (6). This shows that IN; is distributed
according to a negative binomial distribution with parameters L and p; (as defined in (Johnson et al., 1993, chap. 5,

p. 199) for instance). Thus, all the univariate margins of IN are negative binomial distributions.

Bivariate Negative Multinomial Distributions

A bivariate negative multinomial distribution corresponds to the particular case d = 2 and is defined by its affine
polynomial which can be parametrized as follows:

1—azy —bzo+ (ab—c)z129

T—al-b—c (7)

Pa,b,c(zla Z2) =

Note that the polynomial P, ;. is fully characterized by (a,b,c). Thus, for any L > 0, the generating function of a
bivariate random vector N = (N1, N3) is given by:

(1—a)(1—b)—c o
1—az; —bzo+ (ab—c)z129

Gn(z1,22) = (8)
with the following necessary conditions

a,b,c>0, a<1l, and(1—a)(1—5)—c>0. (9)
The set of triplets (a, b, ¢) satisfying these conditions can be equivalently defined as follows:

A ={(a,b,c) €[0,1[*, (1 —a)(1 —b) —c > 0}. (10)

It is important to note that the conditions (9) are also sufficient, since they ensure that (8) is the generating function
of a probability distribution defined on N? (see Section 6.1). Note that for ¢ = 0, the moment generating (8) can be

factorized as:

o =[] [rie]

1—az; 1—bz,
where the two factors are the generating functions of N; and N,. Consequently, N; and N, are independent
random variables when ¢ = 0. In any case, the parameter ¢ can be viewed as a dependence measure between the
margins of (N1, N3).
In the bivariate case, it is also possible to obtain a tractable expression of the probability masses given in the

following theorem.

Theorem 2.2.1. The probability masses of a bivariate negative multinomial distribution N = (N1, N3) are given

by:
min(m,n)
_ _ _ ,min j: (L)k (L+k)m_k (L+k)n_k c\k
P(Ny=m,Nz=n)=a™" [(1-a)(l-b)—d" Lo TR (m—R)L (n—k)! (@)

where (p)i is the Pochhammer symbol such that (p)o =1 and (p)k+1 = (p + k)(p)k for any positive integer k.



The proof of this theorem is given in Section 6.2. Note that this result allows one to have tractable expressions
for the joint probabilities of the pair (N, N;), 1 <k <1 < d, for N of a negative multinomial distribution. This

property will be used for estimating the parameters of MMPDs.

2.3 MMPDs generated by multivariate Gamma distributions

The moment generating function of an MMPD IN expresses as:

-u ([T = ()
. (ﬁ ,\kl—zk)]> (1)

w)\(l_zla"'71_zd) :wA(Hd_z)7 (12)

where 1 is a d-multivariate vector composed of ones, and ¥ (2) is the Laplace transform of the intensity distribution
(note that the generating function of a Poisson distribution has been used to obtain (11)).
The moments of an MMPD can be expressed as a function of the moments of the intensity (Ferrari et al. (2004)).

In particular, the following results are obtained:

Cov(IN) = Cov(A) + diag (E(N)), 19)
where diag (E(A)) is a diagonal matrix whose diagonal entries are the components of the vector E(X).

Equations (3,6,12) show that the MMPDs associated to the Gamma distributions vz p are the negative multi-
nomial distributions NM p, whose affine polynomial is P, (z) = P(1;— z). This result is a multivariate extension
of the following well known property: a mixed Poisson distribution generated by a gamma intensity is a negative
binomial distribution (see for instance (Johnson et al., 1993, chap. 8, p. 328)).

As an example, denote as P(z1,z2) = 1+ p1z1 + p222 + p1221 22 the affine polynomial defining a bivariate gamma
distribution (corresponding to d = 2). Straightforward computations allow one to show that P;(2) = P, (21, 22)
with:

p1+ D12
1+ p1i+p2+pi2]
_ P2 + P12
1+ pi+petpi2]
P1p2 — P12
(L4 pit+petp2)?

3 Estimation method

Let N = (N%,...,N%),i=1,...,n, be an independent sample of the d-multivariate random vector N distributed

according to an MMPD generated by a multivariate Gamma distribution vz, p. We assume that the affine polynomial



P is parameterized by an unknown parameter vector 9. We denote by p(n, 8g), n € N%, the probability distribution
of N, and by pgi(ng,m,00), (ng,n;) € N2, 1 <k <1 <d, the joint probability of (N, N;). This section studies
a CLE of 8y based on this n-sample (N' ..., N™). Note that a similar approach has been studied in (Henderson
and Shimakura (2003)) for longitudinal count data on patient-controlled analgesia. After recalling the principle of

the CL method, we establish the asymptotic properties of the resulting estimator.

3.1 CL methods

CL methods are interesting estimation methods which can be used when the standard maximum likelihood estimator
(MLE) is difficult to implement. To construct a CL, one starts with a set of conditional or marginal events for which
one can write the log-likelihood. The choice of these events is motivated by the following two points: 1) the CL
method has to depend on the parameters to be estimated, and 2) the computational complexity should be as reduced
as possible.

Since it is difficult here to have a tractable expression for p(n,80) in terms of 6, we propose to consider the
probabilities of the pairs (N, IN;), for 1 < k <1 < d, for which we have tractable expressions (see Theorem 2.2.1).
This approach leads to the so-called pairwise log-likelihood method. Precisely, the pairwise log-likelihood estimator

0, is the 8 value which minimizes

1 & ;
== N® 1
Un(6) n;u 0), (15)
with
I(n,0)= Y logpri(ng,m,0). (16)
1<k<i<d

3.2 Asymptotic properties

This section studies the consistency and asymptotically normality of the composite log-likelihood estimator 6,, for
the model introduced above, i.e. for an MMPD generated by a multivariate Gamma distribution parameterized by L
and Bg. These asymptotic properties are derived in the particular case where L is known. Note that this assumption
is in agreement with the image processing application considered in Section 5.

Provided the following assumptions are satisfied:

Assumptions
1. The space parameter O is a compact subset of RP. The point 89 belongs to the interior of the space O,

2. Let Fy; be functions from © to A = {(a,b,c) € [0,1[3; (1 —a)(1 —b) > ¢} that give the relation between 6 and
(ak,1,b60,cr), 1 <k <l <d. The function F(6) = (FLQ(O)T, .. .,Fd_l,d(O)T)T is an injective map from © to
Add—1)/2

3. The functions Fj; are twice continuously differentiable,



we can prove the following theorem (see Appendix, Section 6.3 for details).

Theorem 3.2.1. The composite log-likelihood estimator én converges almost surely to @g. Furthermore \/ﬁ(én —6o)
converges in distribution to a centered normal distribution with covariance matriz equal to Ity (60) Ty (00) Iy (0) ™1,

where

0 0
Iy(00)uw=1,..p. =— Y Eg, (aoIngk,l(NkaNlaeo)aeIngk,l(Nk,N1700)> ;
1<k<i<d u v

and

0
1_\U(oo)u,v:l,...,p = EGO Z ﬁlogpk,l(NkaNbaO) Z 1ngr,s(Nr7NS700)

1<k<i<d =% 1<r<s<d Y

A key point for proving this theorem is that the first and second order moments of a bivariate negative multinomial
distribution exist and are finite. Note that the matrix —I;7(6p) is the sum of Fisher information matrices associated
to the pairs (N, N;). For the MLE of 6g, the matrix T';(6g) reduces to Iy (0p). However, this is not the case for
the proposed CLE.

4 Simulation results

Many simulations have been conducted to validate the previous theoretical results. This section studies the perfor-

mance of the CLE of 8¢ for synthetic data.

4.1 Generation of MMPDs

The generation of the MMPDs has been performed as follows:

e Simulate 2L independent multivariate centered Gaussian vectors of R? denoted as X', ..., XX with the follow-

ing d x d covariance matrix:

o/ li-dl
C=(Cisihicijca = 2 (p ’ )1<ij<d'

e Compute the kth component of the intensity vector as A\ = ElSiSQL(XZ)Q, where X is the kth component

of X',

The random vector A = (Ag, ..., Ay) generated above is distributed according to a multivariate Gamma distribution
whose margins are univariate Gamma distributions 7z, ,. Moreover the pair (Ag, A;) is distributed according to a

bivariate gamma distribution with shape parameter L and the following scale parameter:

P,il(zk,zl) =140z +oz +0%(1—p P zpz, 1<k<i<d. (17)



Indeed, by using the independence between vectors X', ..., X2l the Laplace transform of X evaluated at z =

(21,...,24)T can be written as:
d 2L
E [exp (sz)\ H exp(—zrAk)| = E H Hexp X4) ) ,
k=1i=1
=E Hexp s, x* )]
2L

:HE [exp (—(Xi)TSz XZ)] ,

i=1

where S, is the following d x d diagonal matrix:

zZ1
S, = 0o . 0

Zd

By using X’ ~ N(0,C), the Laplace transform of A can be finally expressed as:

zl (C1+28,) =
£ fexp (- H/]Rd 27) d/2 Jdetc P <_ 2 ) @,

L
_ 1 B .,
B {dethet (c-1 +252)} = [det (Z4 +2CS2)]

where Z; is the identity matrix of size d x d. The function z — det (Zy + 2CS,) clearly defines an affine polynomial
with respect to z, denoted as P€(z). Consequently, thanks to the definition (3), the vector A is distributed according
to a multivariate gamma distribution with shape parameter L and scale parameter PC. Furthermore, the marginal
distribution of (Ag,A;) is a bivariate gamma distribution with shape parameter L. The corresponding affine poly-
nomial denoted as P,g , is obtained by setting to zero all the z;’s such that i # k,l in P°(z). By expanding the
determinant all along its columns ¢ # k, [, the following result is obtained:

1+oz ap(l’k)/zzl

P,ﬁl(zk,zl) = =140z 40z +0%(1—p M) zpzy, (18)
ap(l_k)/zzk 1+oz

forall 1< k<l<d.
Using (18) and (4), the covariance between A, and A; can be expressed as cov(Ag, A;) = Lo?p' = for all 1 < k <
I <d. Tt is then possible to generate the MMPD vector N conditionally upon A, since N |\ ~ P(A).

4.2 Estimation (known shape parameter L)

The MMPDs introduced in the previous section are parameterized by the shape parameter L and by 8 = (o2, p)7.
This section assumes that the shape parameter L is known. This is a classical assumption in synthetic aperture radar

(SAR) imagery since L corresponds to the so-called number of looks which is known by the radar (see for instance



(Oliver and Quegan, 1998, p. 93) for more details). When L is known, the convergence and asymptotic normality of

the composite pairwise log-likelihood estimator of @ = (02, p)T are guarantied by the theorem 3.2.1. Indeed, there is

a functional relation between 8 = (02, p)T and (a1, bk, ck.1) denoted as Fy;(0) = (a1, bk, ck1)”, where

o+ o2 (1 — pl_k)
1420 +02(1—pl=k)’
a2ptk

(1420 + 02 (1 — pl=k))*’
For all 8 = (02, p) € E =]0, +00[x[0, 1[C RP, the function F ;(0) = (ak, b1, cr.)? takes its values in A defined in

ag) =br; =
(19)

Ck,l =

(10). Then from (19), it is easy to show that Fj; is a twice continuously differentiable injective map from = to A
forall 1 <k<l<d.

Note that the composite log-likelihood estimator defined by (15) and (16) (which will used in our simulations)
corresponds to a uniform weighting between the different pairwise log-likelihoods. However, it would be possible to
introduce a set of weights (w 1), ;. ;~, modifying the composite pairwise log-likelihood as follows:

(n,0)= > wrilogpri(ng,ni,0).
1<k<I<d
Such weighting can be recommended to mitigate the influence of pairs between non-neighboring observations (which
should be less informative on the correlation structure in the framework of spatial data). This strategy might also
reduce the optimization complexity in particular applications. This weighting is not considered in this paper since it
did not provide significant performance improvement in our simulations. The optimization procedure used to minimize
the negative composite log-likelihood is the direct geometrical Nelder Mead Simplex method (MATLAB function
fminsearch.m). It is important to note that this implementation does not require costly gradient computations.

In order to appreciate the interest of the proposed CL method, the unknown parameters o2 and p have also

been estimated by the classical method of moments. This method is based on the following equations, derived from

equ. (18,13,4):

E[N,] = Lo, V1<i<d,

Cov(N;, Nj) = Lopl=il,  v1<i#j<d

The first equation allows us to estimate o whereas the parameter p can be estimated from the covariances
Cov(N;, N;). Note that several methods of moments have been implemented to estimate p. Methods of mo-
ments based on all the pairs (IN;, N j)1§i<j§d do not yield better estimation than estimates constructed only from
the lag-one pairs (IN;, Nit+1)1<i<d—1. This can be explained by the fact that non-neighboring observations are less
informative in our model. As a result, giving too much importance to non-neighboring pairwise leads to bad estima-
tions. An alternative is to compute a weighted least squares estimator, whose weights are defined from the inverse
covariance matrix of first and second order moments (the reader is invited to consult Chatelain et al. (2006) for more
details). No significant improvement has been observed with this strategy. As a consequence, this paper focuses on

the moments estimator based on lag-one pairs (IN;, N;1+1)1<i<d—1-



Figures 1 and 2 show the log mean square errors (MSEs) of the estimated parameters 02 and p, for a correlation
structure p = 0.8, as a function of the logarithm of the sample size n (logarithmic scales are preferred since the log
MSEs are classically linear functions of log(n)). The number of Monte Carlo runs is 1000. The other parameters for
this example are L = 4 (shape parameter) and d = 12 (dimension of the observations). The circle curve corresponds
to the estimator of moments whereas the triangle curve corresponds to the CLE. Figure 1 shows that the performances
obtained with both methods are similar for the estimation of 02. However the CL approach is much more efficient
for the estimation of p as illustrated in fig. 2. The theoretical asymptotic variances of the CLE provided by theorem
3.2.1 are also displayed in Figures 1 and 2. The results are clearly in good agreement with the MSEs, computed from
1000 Monte Carlo runs, for large value of n. The asymptotic and estimated distributions of the estimates p and o2
are displayed in Figures 3 and 4, as well as the theoretical asymptotic distribution (dashed line) and 95% confidence
intervals. The histograms have been obtained from 1000 Monte Carlo runs with 50 bins (the other parameters are
n = 5000 and p = 0.8). These figures show that the asymptotic Gaussian distribution derived in theorem 3.2.1 is

very close to its estimation for this sample size (n = 5000).

4.3 Estimation (unknown shape parameter L)

This section presents some simulation results obtained for the joint estimation of L, o2 and p. Note that the theorem
3.2.1 does not apply here since the shape parameter L is unknown. As previously, to appreciate the interest of the
proposed CL method, the unknown parameters o2, p and L have also been estimated by the classical method of

moments. This method is based on the following equations, derived from equations (18,13,4):

E[N,] = Lo, V1<i<d,
Var[N;] = Lo(1 + o), V1<i<d,

Cov(N;,N;) = Lo?pl'l,  V1<i#j<d.

The first and second equations allows us to estimate L and o whereas the parameter p can be estimated from the
covariances Cov(IN;, IN ;). This section focuses on the lag-one pairs (IN;, N;t1)1<i<q—1 as previously.

Figures 5, 6 and 7 show the MSEs of the estimated parameters o2, p and L, for a correlation structure p = 0.8, as
a function of the number of the sample size n. The number of Monte Carlo runs is 1000. The other parameters for
this example are L = 4 and d = 12. The circle curve corresponds to the estimator of moments whereas the triangle
curve corresponds to the CL estimator. These figures illustrate the interest of the CL approach, which is much more
efficient for this problem than the method of moments for the three parameters o2, p and L.

Note that the optimization procedure used for the maximization of the CL does not yield necessarily integer values
for L. Tt has been observed that non integer values of L can be appropriate when the averaged images (looks) are
correlated. This remark has even motivated the definition of an equivalent number of looks (see (Oliver and Quegan,
1998, p. 95)). Thus, the proposed estimation strategy which allows ont to estimate the parameter L can be useful

in this context.
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5 Application to Change detection

This section considers a fundamental problem in image processing referred to as change detection problem. Consider
several co-registered images acquired at different dates before and after a change, here a natural disaster. The
objective of change detection is to produce a map representing the changes affecting the scene due to this natural
disaster. This paper considers three one look low-flux images (i.e. L = 1) displayed in Fig. 8: a reference image
I of the Nyaragongo volcano in Congo before an eruption and two secondary images J and K of the same scene
acquired after the eruption. Figure 8(d) indicates the pixels of the image which have been affected by the eruption
(white pixels). These images have been obtained from real power radar images corresponding to low-flux scenarios.
Low-flux scenarios correspond to very short exposure times or images with low intensity objects (to be detected). In
this case, the wavefront intensities cannot be measured directly. Conversely, the observed data are the numbers of
photons collected at each pixel of the image (Goudail et al. (2003)). The distribution of these numbers of photons is
classically a mixed Poisson distribution. In the case of power radar images, it is well known that the intensities are
marginally distributed according to gamma distributions (Oliver and Quegan, 1998, p. 95). Therefore, multivariate
gamma distributions seem good candidates to model the distribution of intensities collected at a given location in the
three images (see Chatelain et al. (2007a,b)). By using this multivariate gamma distribution as mixing distribution
in (2), the joint distribution of the numbers of photons received in the three images at a given location is an MMPD
whose margins are negative multinomial distributions according to Section 2.3.

Change detection algorithms produce an indicator of change for each pixel of the region of interest. This indicator
of change is the result of applying locally a similarity measure to the different images. This similarity measure is
usually chosen as the correlation coefficient. This leads to the following simple binary hypothesis test:

H, (absence of change) : r >t,
(20)

H, (presence of change): r <f,
where t is a threshold depending on the level of significance of the test (also referred to as probability of false alarm)
and r is the correlation coefficient between images. The estimation of the correlation coefficient is performed locally
for each pixel position. Since only one pixel is available for each image at a given location, the images are supposed to
be locally stationary and ergodic, allowing us to make estimates using several neighbor pixels. This neighborhood is
the so-called estimation window. This stationarity and ergodicity assumption are valid for small estimation windows.
On the other hand, robust statistical estimates require a high number of samples. Therefore, the key point of
the estimation of the correlation coefficient r is to perform high quality estimates with a small number of samples
belonging to the estimation window. This section proposes to estimate r by using the CLE strategy studied in this
paper. The presence of a change at a given pixel location is then detected when the estimate of r (denoted as 7) is

below the threshold ¢ following (20).

The images J and K have been both registered after the volcano eruption. Thus, it is natural to assume that the

correlation coefficients between the reference image I and the secondary images J and K, denoted as r;; and 7k,
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are equal, i.e. r7; = rrx = r. As a consequence, the intensity vector A = (A7, Ay, Ax)” is supposed to be distributed

according to a multivariate gamma distribution whose Laplace transform can be written:
L
Ya(zr, 20, 25) = (L + prer +pyzg +pr2x +Prizrzg +prizizx + Pk 2j2K + PIIKZIZIZK)

with pry = prps(1 —7), prx = prpr (L —r) and pyjx = pypr (1 — ryKi) according to (5).

According to Section 2.3, the joint probabilities of the three pairs (N, N ), (N1, Ng) and (N ;, N k) associated
to the MMPD vector N = (N7, N;, Nx)T (generated by using the multivariate Gamma distribution described
above) are distributed according to bivariate negative multinomial distributions having the same shape parameter L.
The parameters of the affine polynomial corresponding to the pair (N, N,,), with (I,m) € {(I,J), (I, K), (J,K)},

can be expressed as follows:

— Flm(e) _ ( PLAPIPm (1=T1m) PmAP1Pm (1—="1,m)

Tl : (21)
1+pl+pm+plpnz(1_7l7n)7 1+P1+Pm+17117m(1—7"1m)’ (1+P1+Pm+lﬂlpm(1—7"lm)) ’

(@1, m bl,'mvcl,m)T
where 8 = (pr,ps,px,7,77K)" is the vector of the five parameters to be estimated. Note that for all 8 € = =
10, +00[3x [0, 1[2, the function F(8) = (Fr;(0)T, Fi1x(0)T, Fyx(0)T)T takes its values in A3, where A is defined in
(10). Then from (21), it is easy to show that F is a twice continuously differentiable injective map from = to A3. The
convergence and asymptotic normality of the pairwise CLE of @ are then guarantied by the theorem 3.2.1. In order
to appreciate the performance of the CLE of r, denoted as 7¢y,, estimators based on the method of moments are also

investigated. More precisely, we consider the following classical estimator based on empirical averages denoted as
TMOM:
™ Xisy NiNy - NiN, >io1 NiNi — NiNg
™MOM = 5 : — ‘ — + ‘ — ‘ =
VS (N2 - NS (V2 - WS (N2 - NS (V) - N

where n is the size of the estimation window and Ny, = L 3" | N} is the sample mean, for k = I, J, K.

o (22)

The MLE of the correlation coefficient based on only two images, I and J, is also studied in order to appreciate
the gain obtained by using 3 images instead of 2. In the case of two images, the likelihood reduces to the product of

the bivariate masses associated with the pairs ((N}, N’,)) . The MLE of r based on two images can be easily

1<i<n
computed by a numerical optimization since a tractable expression of the bivariate masses is available. It is important
to note that the log-likelihood based on the two images I and J is the term associated with the pair (N;, N;) in the
composite log-likelihood based on the three images I, J and K.

The detection performance obtained for the three estimators of r analyzed here are characterized in terms of their

receiver operating characteristics (ROCs). The ROCs express the power of the test (also referred to as probability

of detection) 7 as a function of the significance level o (Van Trees, 1968, p. 38) where:

7w =P [rejecting Hy |H; is true],
(23)
a =P [rejecting Hy |Hy is true] .
The ROCs obtained for the MCL estimator (continuous line), the estimator based on the method of moments (dashed

line) and the MLE based on two images (dots) are depicted on figure 9 for several estimation window sizes (n = 3 x 3,
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n=>5x5and n="7x7). It is important to mention here that the power of the test 7 and the level of significance «
have been estimated for each value of the threshold ¢ by counting the number of estimates 7 below ¢ for all pixels of
the image associated to hypotheses H; and Hj respectively. Note that the pixels of the image have been associated
to hypotheses H; and Hy by using the ground truth given by the mask shown in Fig. 8(d). As expected, the detector
based on the CL estimator provides the best performance. However, it is interesting to note that the gain in detection
performance when using 3 images with respect to 2 images is moderated for large estimation window sizes. On the

other hand, the CL and ML estimators outperform the estimators of moments in all cases.

6 Appendix

6.1 Proof of conditions (9)

The necessary conditions (9) are obtained by noting that the probability masses py, , = P(N1 =m, N =n) ex-

pressed in (2.2.1) satisfy 0 < p,, ,, < 1 for all positive integers m, n.
1. poo = [(1 —a)(1 —b) — ]l yields (1 —a)(1—b) — ¢ >0,
2. p1o = La[(1 —a)(1 —b) — c]* yields @ > 0 and b > 0 by symmetry,

3. pin=[1—a)(l-0)— c]L%bnfl(Lab + nc) leads to ¢ > 0.Indeed, for ¢ < 0, Lab + nc would be < 0 for large

values of n.

4. Since ppo = ((1 —a)(1 —b) — (:)Lam%7 we have for a given value of L > 0, pmo > ((1 —a)(1 —b) — )L 2.
This lower bound goes to infinity as m goes to infinity if @ > 1. Moreover the case a = 1 is not possible since

¢>0and (1 —a)(1—0)—c>0. Thus, we have a < 1. Note that this last constraint implies that b < 1.

Proving that the conditions above are sufficient requires to show that 1) the coefficients of all the monomials z"z%
in the Taylor series (25), denoted as ¢, »,, are positive and 2) their sum is equal to one. Thanks to the conditions (9),
it is obvious that all the coefficients ¢, , are positive. Moreover these conditions ensure that % <1,
laz1| < 1 and |bzs| < 1 for all —1 < z7, 29 < 1. Consequently, the Taylor series expansion (25) is valid for all (z1, z2)

in [~1,1]*. In particular, we obtain that 3°,  ~qcmn=Gn(1,1) = 1.

6.2 Proof of Theorem 2.2.1

; From the definition of the generating function, the following Taylor series expansion with respect to the two variables

z1 and z9 is obtained:

Gn(z1,22) = Y P(N1=mny,Ny=ny) 21252, (24)
nl,nQZO
for all —1 < z;,z9 < 1. Thus the probability masses P(IN1 = ni, No = ny) can be identified from the Taylor series

CZ1Z2

= m is a continuous

expansion of the bivariate negative multinomial generating function (8). As g(z1, z2)

13



function such that g(0,0) = 0, there exists a non empty neighborhood of (0, 0) denoted by U; such that |g(z1,z2)] < 1
for all (z1,z2) in Uy. Therefore, for all (z1, z2) in Uy, (8) yields:

(L-a)1-b)—c }:[ (1-a)1-b)—c ]
1—az; —bzo+ (ab—c)z129 (1 —az1)(1—bz2)(1— CZ123 ;

(1—az1)(1—bz2)
(I-a)(1-0b)—c b (L) ckzk 2k
{(l—azl)(l—bzg)] Z k! (l—azl)kl(linQ)k’

ko ko k

= (L "2V zg
=(1-a)1 =) —c)" kzzo (k?k (1= az) EF0 (1 — bag) B0

Similarly, there exists a non empty neighborhood of (0,0), denoted as Us, such that for all (z1,22) in Us, |azi| <1
and |bza| < 1. Therefore for all (21, z2) in Uy, the following series expansions are obtained:

1 L+k)y, . . 1 L+k)s. . 4
_Z( ) _Z( )s s

(1 —az )4k et L T Yo = sl 2

r=0 s=0

As Uy and Uy are non empty neighborhoods of (0,0), U = Uy N Uy is also non empty. For all (z1,2z2) in U the

following expression is finally obtained:

On(znz) = (1 - a1 -0 -0 3 e ErBr D

k,r,s=0

S arbsckzq+kzg+k7
7! s!

0o min(m,n)

—(1-a)1-b) - 3 a2 (g’“ (L(;f)];”)jk (L(n*_k)k);’“ (é)k 2man.(25)
m,n=0 k=0 ’ ’ ’

The Taylor series (25) is defined on the non empty set U. Therefore by unicity of the Taylor series expansion, the

coefficients of the monomials z7*2% in (25) are the masses P(IN; = m, No = n).

6.3 Proof of Theorem 3.2.1

To show consistency and asymptotically normality of the composite log-likelihood estimator, we can use more general
results over minimum contrast estimators. Let us recall that 6, is the 6 value for which U, (0) given by (15) is

minimum. By the weak law of large numbers, as n goes to oo, U, (0) converges in Pg,-probability to
K(00,0)=— Y / 10g(pi.1 (T, 11, 0)) Pt (Mo, 11, B0 )dpa(mage, M),
1<k<I<d

where p is the counting measure. When the function 8 — K(6o,0) (from © to RT) has a strict minimum at
0 = 0y, U,, defines a contrast relative to 8g and K. Consequently, én is called a minimum contrast estimator (see
(Dacunha-Castelle and Duflo, 1984, p. 92)). Note that minimizing K (-, 6) is equivalent to minimize

(ng,my, 6
Z /log <pkl(klo)> Pt (T, 1, B0 ) dp (1o, ).

1<k<i<d Pri(ng, 1y, 0)

14



By the properties of kulback-Leiber distance, K (0p, 0) is minimum for 8 = 8y. Moreover, this minimum is unique if

and only if

Ao: Vk<Il; pri(-,0) =pri(-,-,00) almost everywhere (a.e) = 6 = 0.

Consistency for minimum contrast estimator

To obtain the consistency of the minimum contrast estimator, we need the two following assumptions (see (Dacunha-
Castelle and Duflo, 1984, p. 93)).

A;: O is a compact subset of RP. The functions U, (0) and K (6o, 8) are continuous for 8 € O.

Ag: For n > 0, let w(n,n) = sup{|Un(a) — Un(B)]; |la — || < n}, where | - || is the euclidian norm. There exists

one sequence (ex)ken, decreasing to zero such that for any K :

. 1
nh_)n;o Pg, (w (n, K) > EK> = 0.

Asymptotically normality for minimum contrast estimator

The following additional assumptions are required for the asymptotic normality:

Aj: The point 8¢ belongs to the interior of the space ©. The function U, (0) is twice continuously differentiable
on a neighborhood V of 6.

Ay /nVU,(0p) converges in distribution to a centered normal distribution whose covariance matrix is I'y (0p).

As: Forr >0and u,v=1,...,p,

1 o2 . 52
1 ——U,(6 6, —600))ds — ———U, (6
[0, —00|<rT |:/0 00,00, ( o+ S( 0)) s 00,00, ( 0>:|
converges in Pg,-probability to zero.
Ag: There exists an invertible matrix I;7(6g) such that (ﬁUn(BOD ) converges in Pg,-probability to
wee u,v=1,...,p

Iy (6o).
Under Agz.¢ and if the minimum contrast estimator is consistent, it can be shown that \/ﬁ(@n — 60p) converges in
distribution to a zero mean Gaussian distribution with covariance matrix Ity (6o) Tty (60)I(60) ~*

Castelle and Duflo, 1984, p. 104)).

(see (Dacunha-

For contrasts of the form (15) and as for MLEs, we can replace A4 and Ag by,

A4: Derivation and integration relating to p can be permuted for p; ;. The covariance matrix of the random vector
Zl§k<l§d V1ogpri(INk, Ny, 0p) exist.

Ajg: There exist some functions hy; in L1(Pg,) such that for all @ € V and u,v =1,...,p,

2

mlogpk,z(nmmﬁ) < ha(ng, ), ¥(ng,ny) € N2,
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Properties of the proposed estimator

In order to prove the Theorem 3.2.1, we must show that the assumptions Ag, Aj, Az, Ag, A4 , A5 and Ag
are satisfied for the proposed model under the Assumptions 1-3. Let us recall that for this model, we have (see
Theorem 2.2.1)

Pred (e, 100, 0) = a1 (8)™ by 1 (0)™ (1 — a1 (0))(1 — by 1(6)) — i1 (0))" min(ffnl) cry™ <CM(0)))J
1, 7, 0) = ax1(0)™ b | i | = \e(@bu(6))

where
o™ — (L)j (L +j)'nk*j (L +j)nlfj.
v (k=) (e —j)!
For all k < I, F(0) = (ari(0),br1(0),cx1(0))T where Fy; are functions from © to A = {(ak,bki,cr1) €
(0,1 (1 = ary)(1 = bry) > ey}, and F(0) = (Fi2(0)7,... ,Fd_lyd(O)T)T is an injective map from O to AP(P—1)/2

(Assumption 2). Furthermore, the functions Fj,; are twice continuously differentiable (Assumption 3).
Ao: Since for all k < I, pa(-,-8) = pr(-, - ) almost everywhere, in particular we have for (ng,n;) = (0,0),
(1= ax1(0))(1 = be(8)) — cxa(8))" = (1 = a.1(00))(1 — br.1(B0)) — cx.1(60))" ,
for (ng,ny) = (1,0),
a5,1(8) (1 = ar 1(8))(1 — by 1(8)) — ck.1(8))" = ax.1(B0) (1 — ak,1(80))(1 — bi.1(60)) — cx.1(60))" ,
and for (ny,n;) = (0,1),
bi1(0) (1 = ar 1(0))(1 = by 1(8)) — c.1(0))" = by 1(80) (1 — ax.1(60))(1 — by 1(60)) — cx.1(60))"

So ak,1(0) = ar,(6o), bi,1(0) = bri(6o) and c () = ¢ 1(00), i.e. Fi(0) = Fy1(60) for all 1 < k < < d. Thus
F(0) = F(0o), which involves 8 = 6 since F' is an injective map.

A;: From Assumption 1, © is a compact subset of RP. Clearly the function U, () (as sum of continuous functions)
is continuous for § € ©. For K (0, 0), we can apply the continuity theorem for integrals defined by a parameter

(corollary of Lebesgue’s dominated convergence theorem). Denoting as

1,1 (0)™ by 1 ()™ (1 — @z 1(6))(1 — bi(8)) — ciu(6))"
(1 + nk)(l + m)

B=(1+mn)(1+ )mm%’nl)cnkvm _aa®)
= N np L,j ak,l(e)bk,l(e) ’

A:

)

j=0
we obtain py (1, n;, 0) = AB that leads to 0 < AB < 1. Due to the constraints over (ay i, bk, ck,;) (Assumption 2)
and (1 +ng)(1 +n)CTH™ = (1 + nk)%(l —I—nl)% > 1 forall L > 0, we have A < 1 and B > 1. As a

ng! ng!

consequence, log(A) <log(AB) <0, |log(AB)| < |log(A)|, which implies
[log(pr.i(rer, 1, 0))| <mi [log(a,1(6))] + nu |log(bk,1(0))] + L |log (1 — ax,1(0))(1 — bx.1(0)) — cx,1(6))]
+log (1 + ny) + log (1 + ny),

<ny (1 + [log(ar,1(0))]) + nu (1 + [log(bk1(0))]) + L [log (1 — ax,1(0))(1 — bk 1(0)) — cx.1(0))] -
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Since the functions F}; are uniformly continuous (as continuous functions over a compact set), we have
llog(pr,i(1k, i, 0))] < Crmg 4+ Comy + Cs,

where C1, Cy and C3 are positive constants. The dominated function is Pg,-integrable since all order moments of
variables N, k =1,...,d, exist. Using the continuity of the function py ;(nk, n;, 8) for 8 € ©, we can conclude that
K (8o, 0) is continuous for 6 € ©.

Agz: Denoting as py (ng, 1y, 0) = gi1(0)Dr,i(ng, ny, 0), where

min(ng,mn;)

9e.0(0) = (1 — a1 (0))(1 — bi1(0)) — cka(0)",  Pralnp,mi,0) = > CPE™ar (0)™ b1 (0)™ Jer(6)7,

=0
we obtain

EACRUAGENESY

1<k<i<d

i=1 1<k<I<d

Py + P

The first quantity P, is composed of continuous functions over the compact set © and consequently is uniformly
continuous. Thus, for ||a— ] < %, there exist e}, such that P; < ek, where ek is a sequence of numbers decreasing
to zero as K goes to oo. For the second term Ps, we have

Z Y sup [|Viog (e 1.0)]|lla— 8.

i=1 1<k<i<d ?€©

As
) ) N° . .
1 [ (] < 'k 5 % i9
8ak7lpk,l( 4V ) = ak,l(a)pk,l( ks V1 ),
D NN < N (NG NGL)
abkylpk:,l k> IR >~ bk l(a)pk N 1 )
0 . . k + N . .
~ 3 3 0 < ~ 3 3 9
e ka,l( 4V ) = Ck,l(e) pk,l( 4V )7
we have (Fj is continuously differentiable over a compact set) for u=1,...,p,
0 . ; ; day N;C 0by N; dck N;C—i-N;
N ,N;. 6 < ~ (0 : :
96, 8 Pei(Ni, Ni,0))| < 505 )ak,l(e) 20, ' )bk,l(a) 90, ) cr(0)
< Cri(Ny+ Ny,

where C};; is a positive constant. By denoting as C the maximum constant Cj;, 1 < k < < d, the following result

can be obtained:

P < fclla—ﬁllfz > (N} +N))
i=1 1<k<i<d
< Z > (N, + N

i=11<k<i<d
1
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By the weak law of large numbers, as n goes to oo, W, converges in Pg,-probability to Iy = /pC El§k<l§d E(Ng+
N)) < co. Let denote e = ek + %lw, which goes to zero when K goes to co. Finally, since w(n,1/K) < Py + P> <
el + =W, we obtain
Po, (w (n, ;{,) > eK) <Py, Wy —lw > lw),

which converges to zero as n goes to oo since Iy > 0.

Aj: Assumption 1 involves that the point 8¢ belongs to the interior of the space ©. The function U, () is twice
continuously differentiable on © as sum of twice continuously differentiable functions.

A4: To prove that derivation and integration relating to u can be permuted for py, ;, we can use the differentiability
properties of integrals defined by a parameter. Following the same way as for A, let us dominate the partial

derivatives of py ,

_ 0
(0)pr,i(ny,ny,0) +gk,l(9)ﬁpk,l(nk»nl19) )

0 0
Taupk,l(nka ny, 9)’ = ’%gk,l
< (C1 + Ca(ny + 1) pr(ng, 1y, %),

where u = 1,...,p, C; and Cy are positive constants and 6* is the maximum argument of the continuous func-
tion py; over the compact set ©. So the dominated function is p-integrable. Since py; is differentiable, deriva-
tion and integration relating to g can be permuted for py;. In particular, that implies the random vector

> <k<i<a V1og i1 (Ng, N1, 09) is centered. To prove the existence of its covariance matrix, we can show that

) <o

<O+ COy(Ny + Np) + C3(Nyp + Ny)?,

for all u,v = 1,...,p and for all £ < [ :
E — o P (N N, 0 )710 P (N N, 6 )
6o 90 g k.l k> »Y0 901) g k,l k> ,Y0

As above, there exist positive constants C7, Co and C3 such that,

0 0
‘ log pr,i(Nk, N1, 00) 7~ log pr.i (N1, Ny, 6o)

00, 00,
which is of finite expectation since all order moments of variables N, k = 1,...,d, exist.
A5: We have
’ i log pr.i(ng, ;s 0)’ < #ﬁid&pkvl(”k’"lv 0) 36, Pt (T 70, 0) 5 (0, 70, 0)
00,00, ’ Pi(ng, 1, 0) (g, ny, 0)?

As above (F}; is twice continuously differentiable), straightforward computations leads to the following results:

32
‘ 86,00,

logpk,z(nk,nz,a)‘ < Oy + Ca(ny + my) + Cs(ng +ny)?,

hii (g, my),

where C'y, C5 and C3 are positive constants. For the same raisons as previously, hy; is Pg,-integrable.
Ag: From Ag, the random variables #{;U log pr. (N, N1, 0g) are of finite expectation and by the weak law of

large numbers, <ﬁUn(00)) converges in Pg,-probability to

u,v=1,...,p

32
15(B0)uw=1,..p = oo | D 5772 1ogpki(Nk, N1, 60)
1<k<I<d 90..09,

18



Furthermore, from Ay derivation and integration can be permuted twice and from A, the random vector

Y i<hei<q V1ogpr (N, Ny, 6p) is centered; that leads to

0 0
Iy (00)up=1,..p = — Z Eg, (6910gpk,l(Nk,Nz700)aglogpk,l(Nk»N1790)> )
1<k<i<d w v

=— Z I (00) " Eog [Viar i berscnit 1080kt (N i N1, 00)V (ay 1 by tcnst 108 Pkt (N1 N1, 00) | T, , (60),
1<k<i<d

(26)

where Jp, ,(0o) is the Jacobian matrix (of size 3 x p) at the point 8g. Note that the matrix I;;(6o) is the opposite

of a sum of covariance matrices. Denoting

17" (80) = Eoy [V{an 1 brscni} 108 Dkt (N ity N1, 00)V 0y ety 108 Pt (N1, N1, 00) 7]
forall 1 <k < <d, Eq. (26) leads to the following expression:

1;7%(60)
Iy (60) = —Jr(60)" 0 0 Jr(60),
157 1%(80)

where Jp(6o) = (Jr, ,(00)7 ... de_lyd(BO)T)T is the 2d(d — 1) x p Jacobian matrix of F(6p). As F is an injective
map on © (assumption 2), the matrix Jr(0p) has rank p. Therefore Iy(0p) is invertible if the diagonal matrix
composed of the matrices I{j’l(Oo) is invertible. Thus, we must only show that the matrices 15’1(00) are invertible

for all 1 < k < < d. However the property
det (15’1(90)) = det (Eog (Viay 1becni} 102961 (Nk, N1, 00)V (0, by srcii} 108 Pt (N, N1,60)")) =0,
is equivalent to the existence of some constants «y, s and ag (not all null) such that
(a1, 22,23)V (ay 1 bicnay 108 PE 1 (N k, N, 0) = 0 (27)
almost surely. Eq. (27) involves in particular when (N, N;) = (0,0),
01(1 — by 1(00)) + a2(l — ak,1(00)) + s =0,

when (Nk,Nl) = (1,0),

(1 — ay,1(00))(1 — bg1(0o)) — ck,1(6o)
Lak’l(HO)

—Q + 011(1 — ka(gg)) + Ozg(l — akJ(BO)) + a3 = O7

and when (N, N;) = (0,1),

o, (L= ak(80))(L — bk,1(80)) — ek (o)
2 Lby 1(60)

+ al(l — bk‘yl(eg)) + ag(l — akyl(eg)) + az = 0.

Due to the constraints on ax,;(6o), bk, (60) and cx (6o) (see Assumption 2), that leads to a1 = a2 = a3 = 0, so

15’1(00) is invertible for all 1 < k <1 < d. Consequently I;(6p) is invertible.
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Figure 1: log MSEs for parameter o2 (“CLE”: Composite likelihood estimator, “Moment”: Moment estimator).
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Figure 2: log MSEs for parameter p (“CLE”: Composite likelihood estimator, “Moment”: Moment estimator).
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Figure 5: log MSEs for parameter o2 (“MCL”: Composite likelihood estimator, “Moment”: moment estimator).
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Figure 6: log MSEs for parameter p (“MCL”: Composite likelihood estimator, “Moment”: Moment estimator).
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Figure 7: log MSEs for parameter L (“MCL”: Composite likelihood estimator, “Moment”: Moment estimator).
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(b) J (after) (c) K (after) (d) mask
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Figure 8: Low-flux radarsat images of the Nyiragongo volcano before and after an eruption.
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Figure 9: ROCs for Nyiragongo volcano images for different window sizes.
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